In this paper we introduce and study new notions of amenability for actions of locally compact groups on C˚-algebras. Our definition extends the definition of amenability for actions of discrete groups due to Claire Anantharaman-Delaroche. We show that our definition has several characterizations and consequences analogous to those known in the discrete case.
G-von Neumann algebra. This definition works well in the discrete case, but makes no sense for general locally compact G: indeed, A˚˚is typically not a G-von Neumann algebra when G is not discrete.
One of the main ideas in this paper is to find an appropriate replacement for A˚˚when G is locally compact. Here is our first main theorem. Theorem 1.2. Let G be a locally compact group, and pA, αq be a G-C˚-algebra. Then there is a canonically associated G-von Neumann algebra pA 2 α , α 2 q with the following universal property: any equivariant˚-homomorphism A Ñ M from A to a G-von Neumann algebra M extends uniquely to an ultraweakly continuous equivariant˚-homomorphism A 2 α Ñ M . It follows from the theorem that when G is discrete, pA 2 α , α 2 q " pA˚˚, α˚˚q. Thus A 2 α is a natural replacement for A˚˚; it turns out to have many analogous properties although it is often a proper quotient of A˚˚.
Amenable actions. Replacing A˚˚by the G-von Neumann algebra A 2 α we define a G-C˚-algebra pA, αq to be von Neumann amenable if pA 2 α , α 2 q is an amenable G-von Neumann algebra. This clearly extends the notion of amenable action of a discrete group G.
However, von Neumann amenability is not directly useful for studying properties of the associated crossed products. For discrete G, Anantharaman-Delaroche characterized amenability in terms of an approximation property using functions of positive type on G with values in the center ZpA˚˚q of A˚˚, that is functions θ : G Ñ ZpA˚˚q such that for all finite F Ď G the 'FˆF -matrix' α˚g θpg´1hq˘g ,hPF P M F pZpA˚˚qq is positive. The following definition is inspired by this characterization: Definition 1.3. Let pA, αq be a G-C˚-algebra. We say that pA, αq is amenable if there exists a net tθ i : G Ñ ZpA 2 α qu of norm-continuous, compactly supported functions of positive type such that }θ i peq} ď 1 for all i P I and θ i pgq Ñ 1 A 2 α ultraweakly and uniformly on compact subsets of G.
It follows from [4, Théorème 3.3 ] that amenability and von Neumann amenability are the same if G is discrete. For locally compact groups G we can prove Theorem 1.4. Every amenable G-C˚-algebra pA, αq is von Neumann amenable. If G is exact (or discrete) both notions of amenability are equivalent.
The class of exact groups was introduced by Kirchberg and Wassermann in [25] . It is very large, containing for example all almost connected groups [26, Corollary 6.9] .
The weak containment problem. Using approximations by positive type functions, we show that amenability of pA, αq implies that the canonical quotient map A¸m ax G Ñ A¸r ed G is an isomorphism. The weak containment problem asks whether the converse holds true as well. For the class of exact groups G and commutative G-C˚-algebras A, we can give a complete answer to this problem. Theorem 1.5. Let G be a locally compact and exact group, and let A " C 0 pXq be a commutative G-C˚-algebra. Then the following are equivalent:
(i) the G-C˚-algebra A is amenable;
(ii) the canonical quotient map A¸m ax G Ñ A¸r ed G is an isomorphism. If, in addition, G and X are second countable, then the above are equivalent to:
(iii) for every quasi-invariant Radon measure µ on X, the G-von Neumann algebra L 8 pX, µq is amenable.
The last condition was introduced by Claire Anantharaman-Delaroche and Jean Renault [6, Definition 3.3 .1], who call it measurewise amenability; in [6, Theorem 4.2.7] it is shown to be equivalent to saying that for every quasi-invariant Radon measure µ on X, the measure space pX, µq is amenable in the classical sense of Zimmer [35, Definition 1.4] .
In the discrete case, Theorem 1.5 is due to Matsumura [28, Theorem 1.1]. Our proof is somewhat different to Matsumura's, relying heavily on ideas from our earlier work [12] .
For actions on noncommutative C˚-algebras we can show that weak containment is related to a variant of amenability which is defined in terms of covariant representations: a covariant representation pπ, uq of pA, αq is commutant amenable if there exists a net tθ i : G Ñ πpAq 1 u of continuous compactly supported positive type functions which approximates 1 Hπ (for a precise statement see Definition 4.6). Theorem 1.6. Let G be a locally compact exact group, and let pA, αq be a G-C˚algebra. Then the following are equivalent:
(i) every covariant representation pπ, uq of pA, G, αq is commutant amenable; (ii) the canonical quotient map A¸m ax G Ñ A¸r ed G is an isomorphism.
Condition (i) above is implied by amenability of pA, αq; indeed, it seems quite difficult to check without knowing amenability of pA, αq. It is therefore surprising that we are able to show that amenability of pA, αq is not equivalent to condition (ii) above in general:
There is an action of G " P SLp2, Cq on the compact operators K that is non-amenable, but such that the canonical quotient map K¸m ax G Ñ K¸r ed G is an isomorphism.
On the other hand, we do see that amenability characterises a version of the weak containment property. Theorem 1.8. Let G be a locally compact exact group, and let pA, αq be a G-C˚algebra. Then the following are equivalent:
(i) pA, αq is amenable; (ii) for every G-C˚-algebra B, the canonical quotient map pA b max Bq¸m ax G Ñ pA b max Bq¸r ed G is an isomorphism; (iii) the canonical quotient map pA b max A op q¸m ax G Ñ pA b max A op q¸r ed G is an isomorphism.
The second condition was introduced by Anantharaman-Delaroche [5, Definition 6.1], who called it weak amenability in the case where the maximal tensor product was replaced by the spatial one. Theorem 1.8 extends Matsumura's [28, Theorem 1.1] which covers the case where G is discrete and A is a unital nuclear C˚-algebra A (see also [12, Proposition 5.9] ).
Additional results and discussion. We will not give details in this introduction, but should mention that we give several other characterizations of amenable actions, mainly in terms of approximation properties: this is crucial for the proofs of the above theorems. Establishing these equivalences is the main place where the exactness assumption is used, via an important characterization of the property due to Brodzki, Cave, and Li [9, Theorem 5.8] .
We also relate amenability of pA, αq to important properties like injectivity, the weak expectation property, and nuclearity. Other results give permanence properties of amenability and related conditions, particularly in the case that the C˚algebra being acted on is type I.
We should note that an important mystery remains. There is another notion of amenability for group actions on spaces: let us say that a commutative G-C˚algebra C 0 pXq is strongly amenable if the associated transformation groupoid X¸G is (topologically) amenable in the sense of Renault (see [6, Definition 2.2.8] ). For a discrete group G acting on a commutative C˚-algebra A " C 0 pXq, Anantharaman-Delaroche proved in [4, Théorème 4.9 ] that strong amenability is equivalent to amenability. The relationship between strong amenability and amenability is open in our more general setting of locally compact groups.
We should also note that strong amenability admits a natural generalization to noncommutative G-C˚-algebras: in this setting, results of Suzuki ([33] ; but see also [12, Section 3] ) imply that strong amenability for pA, αq and amenability of pA, αq are not equivalent, even for discrete groups.
Outline of the paper. In Section 2 we introduce and study our main actor in this paper, the enveloping G-von Neumann algebra pA 2 α , α 2 q of a G-C˚-algebra pA, αq. We show that the construction pA, αq Þ Ñ pA 2 α , α 2 q has nice functorial properties, similar to the usual bidual construction A Þ Ñ A˚˚.
In Section 3 we introduce several notions of amenability and study some relations between approximation properties by positive type functions and our notions of amenable actions. We shall see that for exact groups most of these notions are equivalent. In particular, we prove Theorem 1. 4 .
In Section 4 we study the relation between amenability of actions and the weak containment property and we prove Theorem 1.6.
Section 5 studies amenability for actions on commutative C˚-algebras and contains the proof of Theorem 1.5. A key tool here is the use of the Haagerup standard form of a G-von Neumann algebra.
In Section 6 we give a proof of Theorem 1.8 and we use this theorem as a tool to study amenability for various interesting actions, like restrictions to subgroups, induced actions, actions on certain C 0 pXq-algebras, and regular actions on separable type I C˚-algebras.
In Section 7 we construct our examples of non-amenable actions α : G Ñ AutpKpHqq such that KpHq¸m ax G -KpHq¸r ed G, thus a counterexample to the weak containment problem. The example is based on an analysis of twisted group algebras Cm ax pG, ωq and Cr ed pG, ωq for suitable circle-valued Borel 2-cocycles ω : GˆG Ñ T for G " PSLp2, Cq (or G " PSLp2, Rq) which are related to the harmonic analysis of SLp2, Cq (or SLp2, Rq).
In Section 8 we study the relation of amenability to injectivity and to an equivariant version of the weak expectation property of Lance, again using A 2 α in place of the double dual A˚˚; we call this the continuous G-WEP. It turns out that an action of an exact locally compact group G on a nuclear C˚-algebra A is amenable if and only if pA, αq has the continuous G-WEP. We also show that for amenable actions the crossed-product construction preserves nuclearity, exactness, the classical weak expectation property (WEP) and the local lifting property (LLP). We also provide a variant of Matsumura's theorem for non-exact locally compact groups by showing that a commutative G-algebra A " C 0 pXq has the continuous G-WEP if and only if A¸m ax G " A¸i nj G, where A¸i nj G denotes the maximal injective crossed product as introduced in [11] .
In Section 9, we summarise some natural questions that are suggested by the results in this paper.
Finally, in Appendix A we give an alternative characterization of A 2 α via its predual. Indeed, let pA, αq be a G-C˚-algebra, and let us write α˚for the induced action of G on A˚. This has the property that for all φ P A˚, the map (1) G Ñ A˚; g Þ Ñ αg pφq is weak-˚-continuous. We say an element φ P A˚is G-continuous if the map in line (1) is norm-continuous, and write A˚, c for the subset of all G-continuous elements of A˚. Our main result in Appendix A is that A 2 α canonically identifies with the dual of A˚, c . This identification is not used in the main body of the paper, but it seems interesting, and also provides further evidence that A 2 α is a very natural object.
Conventions and notation. BpHq refers to the bounded operators on a Hilbert space. We will follow standard usage, and say that a net pa i q in BpHq converges weakly if it converges in the weak operator topology (not in the weak topology that BpHq inherits from its dual space). The ultraweak topology on a von Neumann algebra M will refer to the weak-˚topology coming from its unique predual; if M Ď BpHq is a concrete von Neumann algebra, then the weak operator topology inherited from BpHq agrees with the ultraweak topology on bounded sets (but not in general). As we will almost always be interested in convergence of bounded nets, we will sometimes elide the difference between weak and ultraweak convergence when we are dealing with a concrete von Neumann algebra.
If A is a G-C˚-algebra (or G-von Neumann algebra) associated algebras and spaces such as the multiplier algebra MpAq, the centre ZpAq, the dual A˚, and the double dual A˚˚will be equipped with the canonically induced actions. We warn the reader that even if the action of G on A is strongly continuous, the induced actions of G on A˚and MpAq will typically not be strongly continuous, and the induced action on A˚˚will typically not even be ultraweakly continuous.
If A is a C˚-algebra (or von Neumann algebra) equipped with a (not necessarily continuous) action α : G Ñ AutpAq, we will write A c for the collection of all a P A such that the map g Þ Ñ α g paq is norm continuous; note that norm continuity is used here, even if A was originally a von Neumann algebra. We then have that A c is a G-C˚-algebra with the naturally induced structures.
Throughout, a G-map always means a G-equivariant map between sets equipped with G-actions. This terminology might be combined with other terminology in what we hope is an obvious way: for example, G-embedding, ccp G-map, normal G-map etc. Definition 2.1. With notation as above, the enveloping G-von Neumann algebra of pA, αq is defined to be
α is a G-von Neumann algebra with G-action given by α 2 :" Adi G . By the universal property of A˚˚we always get a G-equivariant normal surjective -homomorphism i˚Å : A˚˚Ñ i A pAq 2 " A 2 α . If G is discrete, or more generally if the G-action on A˚˚is ultraweakly continuous (i.e. if A˚˚is a G-von Neumann algebra), then this˚-homomorphism is in fact injective 1 , so gives an isomorphism A˚˚-A 2 α . This is not true in general if G is locally compact. For example, if A " C 0 pGq equipped with the (left) translation action τ , then C 0 pGq¸m ax G -KpL 2 pGqq and therefore C 0 pGq 2 τ -L 8 pGq. For non-discrete locally compact groups, the induced map i˚C 0pGq : C 0 pGq˚˚Ñ L 8 pGq is always a proper quotient: indeed, the left hand side contains the characteristic function χ tgu of any singleton as a non-zero element, but such elements have nonzero image under i˚C 0pGq if and only if points in G have non-zero measure, so if and only if G is discrete.
The algebra A 2 α enjoys the following universal property for covariant representations:
Proposition 2.2. Let pA, αq be a G-C˚-algebra, and let pπ, uq : pA, Gq Ñ BpH π q be a nondegenerate covariant representation. Let α π " Adu denote the action of G on πpAq 2 given by conjugation with u. Then there exists a unique normal α 2´απequivariant surjective˚-homomorphism
Proof. Consider the diagram of normal maps
We need to fill in the dashed arrow with a normal map π 2 . The left triangle is well defined and commutative on A. Therefore the composition pπ¸uq˚˚˝i˚Å coincides with π˚˚on A, and since both maps are normal, they must coincide on A˚˚. Since the left upper arrow and the diagonal arrow are both surjective, the result follows.
Corollary 2.3. Suppose that pM, σq is a G-von Neumann algebra and let ϕ :
Proof. Using Haagerup's standard form [23] (or Theorem 5.1 below), there exists a faithful normal representation M Ď BpHq on some Hilbert space H together with a strongly continuous unitary representation u : G Ñ U pHq such that σ " Adu. Then H 1 " ϕpAqH is a u-invariant closed subspace and we can apply Proposition 2.2 to the nondegenerate covariant representation pϕ, uq of pA, G, αq on H 1 , giving an extension ϕ 2 : A 2 α Ñ BpH 1 q. The image of ϕ 2 is contained in the ultraweak closure of ϕpAq in BpH 1 q, which equals the ultraweak closure of ϕpAq in BpHq, and is therefore contained in M .
It follows that A 2 α is the 'biggest' G-von Neumann algebra containing A as an ultraweakly-dense G-invariant C˚-subalgebra. Notice that A 2 α contains (a copy of) MpAq as a unital G-invariant C˚-subalgebra. To see this, let i A : A Ñ BpH u q be the canonical representation of A in the universal representation of A¸m ax G. As this representation is faithful and nondegenerate, MpAq identifies canonically with the idealizer of i A pAq in BpH u q. The idealizer is, however, easily seen to lie in the bicommutant A 2 α of i A pAq Ď BpH u q. From this, we see that the construction A Þ Ñ A 2 α has good functoriality properties: Proposition 2.4. Let pA, αq and pB, βq be G-C˚-algebras, and let φ : A Ñ MpBq be a (possibly degenerate) G-equivariant˚-homomorphism. Then there is a unique normal G-equivariant extension φ 2 : A 2 α Ñ B 2 β of π. Moreover, this correspondence gives a well-defined functor pA, αq Þ Ñ pA 2 α , α 2 q from the category of G-C˚-algebras and equivariant˚-homomorphisms to the category of G-von Neumann algebras and equivariant normal˚-homomorphisms.
Proof. To construct φ 2 , identify MpBq with a C˚-subalgebra of M :" B 2 β , and apply Corollary 2.3. The functoriality statement follows as the maps involved are normal extensions from ultraweakly dense subalgebras.
Remark 2.5. The assignment pA, αq Þ Ñ pA 2 α , α 2 q is also functorial for equivariant ccp maps. For variety, we deduce this from the material in Appendix A: see Corollary A.6 below.
Above, we identified A 2 α with the image of A˚˚in pA¸m ax Gq˚˚under the normal extension of the canonical map i A : A Ñ pA¸m ax Gq˚˚. Before we proceed, we want to observe that we get the same G-von Neumann algebra by using the reduced crossed product instead: Lemma 2.6. Let pA, αq be a G-C˚-algebra. Then A 2 α is (isomorphic to) the image of A˚˚in pA¸r ed Gq˚˚under the normal extension pι r A q˚˚of the canonical map i r A : A Ñ pA¸r ed Gq˚˚. Proof. Let i A : A Ñ BpH u q be the usual representation, and write i : A 2 α Ñ BpH u q for the identity representation, which is the unique normal map extending i A . For any representation σ : B Ñ BpHq of a G-C˚-algebra (respectively, G-von Neumann algebra) pB, βq, write r σ : B Ñ BpL 2 pG, Hqq for the representation defined by pr σpbqξqpgq :" β g´1 pbqξpgq.
The representation r σ is faithful (respectively faithful and normal) whenever σ is. Moreover, it is covariant for the representation λ : G Ñ U pBpL 2 pG, Hdefined by pλ g ξqphq :" ξpg´1hq, and the integrated form r σ¸λ factors through the reduced crossed product B¸r ed G.
Applying this to the representations i A and i gives representations r i A¸λ : A¸r ed G Ñ BpL 2 pG, H uand r i : A 2 α Ñ BpL 2 pG, H u qq. Now, consider the diagram
where the map pA¸m ax Gq˚˚Ñ pA¸r ed Gq˚˚is the canonical quotient. This commutes: indeed, it clearly commutes on A, and all the maps are normal. The lemma states that the composition of the two horizontal maps is injective; however, the diagonal map is injective as we have already observed, so we are done.
Remark 2.7. Note that the image of the homomorphism p r i A¸λ q˚˚in the proof above equals
α¯G . In the remainder of this section, we show that the functor A Þ Ñ A 2 α has good behaviour on injections, short exact sequences, and Morita equivalences. First: Corollary 2.8. If pA, αq and pB, βq are G-C˚-algebras and ϕ : A Ñ B is an injective G-equivariant˚-homomorphism, then the unique normal extension ϕ 2 :
where the vertical maps are the inclusions of Lemma 2.6. The reduced crossed product functor and the double dual functor take injective˚-homomorphisms to injective˚-homomorphisms, whence pφ¸Gq˚˚is an injection, so φ 2 is too.
The following result shows that the functor pA, αq Þ Ñ pA 2 α , α 2 q has very good behaviour on short exact sequences: it converts short exact sequences into direct sums, just as for the usual double dual. Lemma 2.9. Suppose that I ãÑ A ։ B is a short exact sequence of G-C˚-algebras, with actions on I, A, and B called ι, α, and β respectively. Then there is a functorial direct sum decomposition pA 2 α , α 2 q " pI 2 ι , ι 2 q ' pB 2 β , β 2 q. Proof. As the maximal crossed product is an exact functor, the sequence
is exact. As taking double duals converts short exact sequences to direct sums, we thus get a canonical isomorphism
Consider now the diagram
where the vertical arrows are the canonical inclusions and we have used the identification from line (3). The map I 2 ι Ñ A 2 α is injective by a diagram chase (or Lemma 2.8). Hence if p P A 2 α is the image of the unit of I 2 ι , we get a canonical identification I 2 ι -pA 2 α . The map A 2 α Ñ B 2 β is surjective as it is normal and has weakly dense image. A diagram chase and the fact that the vertical maps are unital gives now a canonical identification p1´pqA 2 α -B 2 β , so we are done.
We close this section with Lemma 2.10. If pA, αq and pB, βq are two Morita equivalent G-C˚-algebras, then pA 2 α , α 2 q and pB 2 β , β 2 q are (von Neumann) Morita equivalent G-von Neumann algebras.
Proof. If pA, αq is Morita equivalent to pB, βq, then there is a (linking) G-algebra pL, δq containing A and B as opposite full corners by G-invariant orthogonal full projections p, q P MpLq. But then the enveloping G-von Neumann algebra of the corner pLp identifies with the corner pL 2 δ p in L 2 δ , and since p is full in L, it is also full in L 2 δ in the sense that the ideal of L 2 δ generated by p is ultraweakly dense. A similar argument shows that pqBqq 2 β " qL 2 δ q and the result follows.
Amenable actions
If M is a G-von Neumann algebra, we denote by L 8 pG, M q the von Neumann algebra tensor product L 8 pGqbM equipped with the tensor product action. We identify M with the subalgebra of L 8 pG, M q consisting of constant functions. As mentioned in the introduction, Anantharaman-Delaroche [2, Définition 3.4] defined a continuous action of G on a von Neumann algebra to be amenable if there is an equivariant conditional expectation
Later in [4, Définition 4.1], Anantharaman-Delaroche defined an action of a discrete group on a C˚-algebra A to be amenable if the induced action on the double dual A˚˚is amenable in the sense above. However, this does not make sense for general actions of locally compact groups, as A˚˚is not a G-von Neumann algebra in general. Replacing A˚˚by A 2 α in case where G is a general locally compact group, we can introduce 
It has been shown in [3, Corollaire 3.7 ] that a continuous action of G on a von Neumann algebra M is amenable if and only if its restriction to ZpM q is amenable as well. Thus the above definition is equivalent to saying that there exists a G-equivariant conditional expectation (4) P : L 8`G , ZpA 2 α q˘Ñ ZpA 2 α q. Although Definition 3.1 is a straightforward extension of the established definition of amenable actions for discrete groups, it is not the most useful one for studying the behaviour of the associated crossed products. In the case of discrete groups Anantharaman-Delaroche was able to characterize amenability in terms of several approximation properties involving functions of positive type. The following is based on [4, Definition 2.1] Definition 3.3. Let pA, αq be a G-C˚-algebra, or G-von Neumann algebra. A function θ : G Ñ A is of positive type (with respect to α) if for every finite subset F Ď G the matrix`α g θpg´1hq˘g ,hPF P M F pAq is positive.
If A is a G-C˚-algebra, then the prototypical examples of positive type functions are given by θpgq " xξ | γ g pξqy A , where ξ is a vector in a G-equivariant Hilbert Amodule pE, γq. Indeed, it is shown in [4, Proposition 2.3] that every continuous positive type function into a G-C˚-algebra is associated to some G-equivariant Hilbert A-module pE, γq as above.
Definition 3.4. A G-C˚-algebra pA, αq (or just the action α) is called (A) amenable if there exists a net of norm-continuous, compactly supported, positive type functions θ i : G Ñ ZpA 2 α q such that }θ i peq} ď 1 for all i P I, and θ i pgq Ñ 1 A 2 α ultraweakly and uniformly for g in compact subsets of G; and (SA) strongly amenable if there exists a net of norm-continuous, compactly supported, positive type functions θ i : G Ñ ZMpAq such that }θ i peq} ď 1 for all i P I, and θ i pgq Ñ 1 ZMpAq strictly and uniformly for g in compact subsets of G.
The next several remarks record connections between these notions and the existing literature.
Remark 3.5. As already mentioned in the introduction, if A " C 0 pXq is commutative, then it follows from [5, Proposition 2.5] that strong amenability of an action α : G Ñ AutpAq is equivalent to topological amenability of the transformation groupoid X¸G for the underlying action G ñ X.
More precisely, if ph i q is a net in C c pXˆGq satisfying the assumptions in [5, Proposition 2.5, part (3)], then θ i : G Ñ C 0 pXq defined by θ i pgqpxq :" h i px, gq satisfies the assumptions needed for (SA). Conversely, if θ i : G Ñ MpC 0 pXqq satisfies the conditions in (SA), let pe j q be an approximate unit for C 0 pXq contained in C c pXq, and define h ij P C c pXˆGq by h ij px, gq " e j pxqθ i pgqpxqα g pe j qpxq. Then ph ij q satisfies the conditions in [5, Proposition 2.5, part (3)].
Remark 3.6. If A is commutative and G is discrete, then (SA)ô(A) by [4, Théorème 4.9] . Since the inclusion i A : A ãÑ pA¸m ax Gq˚˚extends to a unital inclusion of MpAq into A 2 α such that ZMpAq is mapped into ZpA 2 α q, we see that strong amenability always implies amenability. In general, however, it follows from examples given by Suzuki in [33] that (SA) is strictly stronger than (A) even if G is a discrete exact group and A is unital and nuclear. In what follows, recall from the introduction that if β : G Ñ AutpBq is any homomorphism of G into the group of˚-automorphisms of a C˚-algebra B, we write B c for the C˚-subalgebra of B consisting of all elements b P B such that G Ñ B, g Þ Ñ β g pbq is continuous in norm.
The following lemma is technically convenient, as it shows that we can replace the codomain in Definition 3.4, (A) with G-C˚-algebras. Lemma 3.9. Let pM, σq be a G-von Neumann algebra. Then the following are equivalent:
(1) there exists a net of norm-continuous, compactly supported, positive type functions θ i : G Ñ ZpA 2 α q such that }θ i peq} ď 1 for all i P I, and θ i pgq Ñ 1 A 2 α ultraweakly (respectively, in norm) and uniformly for g in compact subsets of G;
(2) there exists a net of norm-continuous, compactly supported, positive type functions θ i : G Ñ ZpA 2 α q c such that }θ i peq} ď 1 for all i P I, and θ i pgq Ñ 1 A 2 α ultraweakly (respectively in norm) and uniformly for g in compact subsets of G.
Proof. The implication from (2) to (1) is clear, so we just need to prove that if pθ i q has the properties in (1), then we can build a net with the properties in (2) .
Let tV j : j P Ju be a neighbourhood basis of e in G consisting of symmetric compact sets over the directed set J such that V j Ď V j 1 if j ě j 1 and let pf j q jPJ be an approximate unit of L 1 pGq of positive functions with ş g f j pgq dg " 1 for all j P J and such that supppf j q Ď V j for all j P J. Assume further that there exists a compact neighbourhood V 0 of e such that V j Ď V 0 for all j P J.
For each pair pi, jq P IˆJ we define
We claim that each θ i,j is norm-continuous, compactly supported, positive type, and takes values in M c . Indeed, it is straightforward to check that the functions θ i,j : G Ñ M are compactly supported, and satisfy }θ i,j peq} ď 1 for all i, j. Moreover, each is norm-continuous as θ i is norm-continuous and compactly supported, so uniformly norm-continuous. To see that each θ i,j is positive type, let F be a finite subset of G. Then
This is an ultraweakly convergent integral of positive matrices in M F pM q, so positive. Finally, to see that θ i,j is valued in M c , we note that for any g, h P G,
Norm-continuity of this in h follows from (uniform) norm-continuity of the original θ i , plus (uniform) norm-continuity of each f j for the translation action of G on L 1 pGq. Out of the functions tθ i,j u we will construct a new net indexed over the directed set consisting of all triples pK, ǫ, F q with K Ď G compact, ǫ ą 0 and F Ď M˚finite such that pK, ǫ, F q ď pK 1 , ǫ 1 , F 1 q ðñ K Ď K 1 , ǫ ě ǫ 1 and F Ď F 1 .
In order to construct the desired net, it suffices to show that, given such a triple pK, ǫ, F q there exists a pair pi, jq P IˆJ such that for all g P K and for all ψ P F we have |ψpθ i,j pgq´1 M q| ă ǫ.
If we then put θ pK,ǫ,F q :" θ i,j we obtain a net which satisfies (2). Since θ i pgq Ñ 1 M ultraweakly and uniformly on compact sets in G, we can find an index i P I such that for all ψ P F and for all g P V 0 KV 0 we get |ψpθ i pgq´1 M q| ă ǫ 3 Let 0 ‰ C ě maxt}ψ} : ψ P F u. Since θ i : G Ñ M is norm-continuous, the image θ i pV 0 KV 0 q is a norm-compact subset of M . We therefore find finitely many elements g 1 , . . . , g r P V 0 KV 0 such that θ i pV 0 KV 0 q Ď Ť r l"1 B ǫ 3C pθ i pg l qq. Since σ :
G Ñ AutpM q is ultraweakly continuous, we can further find an index j P J such that for all k P V j and for all ψ P Fˇψ`σ
Then for all k P V j , g P K and ψ P F we geťˇψ
for a suitable l P t1, . . . , ru. We then conclude for all g P K and ψ P F , thaťˇψ
and the result follows in the case of ultraweakly convergence θ i pgq Ñ 1 M .
Suppose finally that θ i pgq Ñ 1 M in norm uniformly for g in compact subsets of G. Then, if K Ď G is compact and ǫ ą 0, let i 0 P I such that }θ i pgq´1 M } ă ǫ for all g P V 0 KV 0 and i ě i 0 . Then, for all g P K, j P J, and i ě i 0 we get
which completes the proof.
Remark 3.10. Let pA, αq be a G-C˚-algebra. Similarly to the proof of Lemma 3.9, one can show that one can replace the codomain of the maps θ i in Definition 3.4 (SA) with pZMpAqq c . We leave the details to the reader.
Our next goal is to show that in general we always have (SA)ñ(A)ñ(vN) and that (A)ô(vN) if G is exact.
We need some preliminaries. For a G-C˚-algebra pA, αq, let L 2 pG, Aq be the Hilbert A-module given as the completion of C c pG, Aq with respect to the A-valued inner product
There is a continuous action λ α of G on L 2 pG, Aq given by λ α g pξqphq " α g pξpg´1hqq, which is easily seen to be compatible with the given action of G on A. We call λ α the α-regular representation of G on L 2 pG, Aq. It follows from [4, Proposition 2.5] that every continuous positive type function θ : G Ñ A with compact support is of the form θpgq " xξ | λ α g ξy A for some ξ P L 2 pG, Aq.
Lemma 3.11. Let A Ď BpHq be a concrete C˚-algebra and let α : G Ñ AutpAq be a homomorphism (not necessarily continuous in any sense). Then the following are equivalent:
(1) There exists a net pξ i q iPI of vectors in the unit ball of L 2 pG, A c q such that xξ i | λ α g ξ i y Ac Ñ 1 H weakly in BpHq and uniformly for g in compact subsets of G.
(2) There exists a net pξ i q i in C c pG, A c q with }ξ i } 2 ď 1 for all i P I and xξ i | λ α g ξ i y Ac Ñ 1 H weakly and uniformly for g in compact subsets of G.
(3) There exists a net pθ i q iPI in C c pG, A c q of positive type functions such that }θ i peq} ď 1 for all i P I, and θ i pgq Ñ 1 H weakly and uniformly for g in compact subsets of G. The same equivalences hold if we replace 'weakly' by 'in norm' everywhere, or by 'strictly in MpAq c ' everywhere.
In order to show (1) ñ (2) let pξ i q i be a net of unit vectors in L 2 pG, A c q such that xξ i | λ α g ξ i y Ac Ñ 1 H weakly and uniformly for g in compact subsets of G. Since C c pG, A c q is dense in L 2 pG, A c q we can find for each i P I and n P N an element η i,n P C c pG, Aq with }η i,n } 2 ď 1 and }ξ i´ηi,n } 2 ď 1 n . Then, with the canonical order on IˆN one easily checks that pη i,n q pi,nq satisfies the conditions in (2) . For norm or strict approximation the arguments are analogous.
In what follows, for a G-von Neumann algebra M Ď BpHq with action σ : G Ñ AutpM q we denote by L 2 w pG, M q the weak closure of L 2 pG, M q inside BpH, L 2 pG, Hqq where we view ξ P L 2 pG, M q as the operator H Q v Þ Ñ ξ¨v P L 2 pG, Hq given by pξ¨vqpgq " ξpgqv for ξ P C c pG, M q. Then the diagonal action λ b σ of G on L 2 pG, M q -L 2 pGq b M (the tensor product here is the external tensor product of Hilbert modules) extends to a weakly continuous action on L 2 w pG, M q which is compatible with σ under the M -valued inner product
Moreover, every function f P L 8 pG, M q defines an adjointable operator on L 2 w pG, M q by the extension of the multiplication operator ξ Þ Ñ f¨ξ from L 2 pG, M q to the weak closure L 2 w pG, M q. The following result relates amenability of a G-von Neumann algebra to certain approximation properties. Proposition 3.12. Let pM, σq be a G-von Neumann algebra and consider the following assertions:
(1) There is a net of compactly supported continuous positive type functions θ i : G Ñ ZpM q c with }θ i peq} ď 1 and θ i pgq Ñ 1 in norm uniformly for g in compact subsets of G. (2) There is a net of compactly supported continuous positive type functions θ i : G Ñ ZpM q with }θ i peq} ď 1 and θ i pgq Ñ 1 in norm uniformly for g in compact subsets of G. (3) There is a net of compactly supported continuous positive type functions θ i : G Ñ ZpM q with }θ i peq} ď 1 and θ i pgq Ñ 1 ultraweakly and uniformly for g in compact subsets of G. (4) There is a net of compactly supported continuous positive type functions θ i : G Ñ ZpM q c with }θ i peq} ď 1 and θ i pgq Ñ 1 ultraweakly and uniformly for g in compact subsets of G.
(5) There is a bounded net pξ i q Ď C c pG, ZpM q c q Ď L 2 pG, ZpM q c q with xξ i | λ σ g pξ i qy ZpMqc Ñ 1 ultraweakly and uniformly for g in compact subsets of G. (6) There is a bounded net pξ i q Ď L 2 w pG, ZpMwith xξ i | λ σ g pξ i qy ZpMq Ñ 1 ultraweakly and pointwise for each g P G. (7) There is a (not necessarily central) bounded net ξ i P L 2 w pG, M q such that xξ i | mλ σ g pξ i qy M Ñ m for every m P M ultraweakly and pointwise for each g P G.
Then we always have p1q ô p2q ñ p3q ô p4q ô p5q ñ p6q ñ p7q ñ p8q ñ p9q ñ p10q. Moreover, if G is exact all statements are equivalent.
Proof. The equivalences p1q ô p2q, p3q ô p4q and p4q ô p5q follow from Lemmas 3.9 and 3.11 respectively. The implication p2q ñ p3q is clear. The implication p8q ñ p9q follows by restriction of P to L 8 pGq, and using that M is in the multiplicative domain of P to conclude that the image of the restriction is central. The implication p6q ñ p7q follows because, since pξ i q takes values in the centre,
The implication p9q ñ p10q follows by taking continuous parts and using that L 8 pGq c " C ub pGq. The implication p10q ñ p1q for G exact follows from [9, Theorem 5.8] which implies that the Gaction on C ub pGq is strongly amenable if (and only if) G is exact. It therefore only remains to prove the implication p7q ñ p8q. For this we shall use an idea from the proof of [1, Lemma 6.5]. Using the canonical left action of L 8 pG, M q by adjointable (multiplication) operators on the vN-Hilbert module L 2 w pG, M q we define
Then pP i q is a uniformly bounded net of ccp maps with }P i } ď C :" sup i }ξ i } 2 2 for all i. By compactness of bounded sets of such maps with respect to the pointwise ultraweak topology (this follows for example from [10, Theorem 1.3.7]), we may assume (after passing to a subnet if necessary) that there is a ccp linear map P :
for all m P M by assumption. Hence P is a projection. In particular P p1q " 1 and therefore P is a ucp map. It remains to verify that P is G-equivariant. For this it is enough to check that σ g pP pλ σ g´1 pf" P pf q for every positive f P L 8 pG, M q and g P G. For this we prove thaťˇˇx v | xλ σ g pξ i q | f¨λ σ g pξ i qyvy´xv | xξ i | f¨ξ i yvyˇˇÑ 0 for every v P H. Let M be faithfully and unitarily represented on some Hilbert space H. Using the inequalityˇˇ}x} 2´} y} 2ˇď }x`y}}x´y} that holds for all pairs x, y in a Hilbert space, applying this to the Hilbert space L 2 w pG, M q b M H, and noticing that, for example,
This finishes the proof.
Remark 3.13. One can show that actually conditions (9) and (10) from Proposition 3.12 are also equivalent using a variant of the proof of [7, Theorem G.3.1]; we will not need this fact, and leave the details to the interested reader.
Remark 3.14. The implication (1)ñ(2) from [5, Theorem 7.2] says that if a group admits a strongly amenable action on a compact space, then it is exact. Applying this to the spectrum of the C˚-algebra ZpM q c , we see that condition (1) of Proposition 3.12 implies exactness of G. On the other hand, condition (3) is (and therefore all of (4)-(10) are) automatic for M " L 8 pGq. Indeed, to see this, choose a net ph i q of norm one positive-valued functions in C c pGq such that if τ is the usual translation action, then τ g ph i q´h i tends to zero in norm uniformly on compact subsets of G, and moreover so that h i tends to one uniformly on compact subsets of G (it is not too hard to see that such a net exists). For each i, define then
by the formula g Þ Ñ τ g ph i qh i . It is not too difficult to see that this has the right properties. It thus follows that (1) is not equivalent to any of (3) through (10) in general. Other than the equivalences already noted above, we do not know which (if any) other equivalences between (3) through (10) hold in general.
Remark 3.15. Condition (7) of Proposition 3.12 is related to the approximation property defined by Exel in [19] for discrete groups and which was later generalized to locally compact groups by Exel and Ng in [20] . Indeed, similar to the ideas used for discrete groups in [1] one can use the implication (7) ñ (8) of Proposition 3.12 to prove that the approximation property of Exel-Ng applied to the Fell bundle AˆG associated to an action α : G Ñ AutpAq implies von Neumann amenability for α. We omit further details.
The following corollary summarises the consequences of Proposition 3.12 for G-C˚-algebras. Corollary 3.16. For a G-C˚-algebra pA, αq consider the following statements:
(1) The extension (5) and all statements are equivalent if G is exact.
Proof. This follows from Proposition 3.12 applied to M " A 2 α .
Remark 3.17. Analogously to Remark 3.14, one sees that condition (1) implies exactness, whereas conditions (2) through (5) are automatic if pA, αq is pC 0 pGq, τ q, where τ denotes the usual translation action (in which case A 2 α " L 8 pGq). Thus conditions (2) through (5) are not equivalent to condition (1) when G is not exact. Analogously to Remark 3.13, one can also show that (4) and (5) Proof. Since ϕ is nondegenerate, ϕ 2 : A 2 α Ñ B 2 β is normal and unital. Thus, if pθ i q is a net of positive type functions implementing amenability of pA, αq, then pϕ 2˝θ i q implements amenability of pB, βq. A similar argument works for strong amenability.
Remark 3.21. The above lemma is not true in general without the assumptions that ZpA 2 α q (respectively ZMpAq) is mapped to ZpB 2 β q (respectively ZMpBq). To see counterexamples, let G be a non-amenable group acting amenably on a C˚-algebra A and let B " A¸r ed G equipped with the action β " Adi G , where i G : G Ñ U MpA¸r ed Gq denotes the canonical homomorphism. Then β is amenable if and only if G is amenable: indeed, as the action is inner, it is Morita equivalent to a trivial action, whence the trivial action is amenable too by Proposition 3.18. However, it is easy to see that the trivial action is amenable if and only if G itself is amenable. On the other hand, the canonical map
. We refer to [33] for more involved examples where A and B are both simple and unital. Proof. This follows easily from the decomposition A 2 α " I 2 α I ' pA{Iq 2 α A{I of Lemma 2.9 which induces an analogous decomposition of the center ZpA 2 α q. For strong amenability, we only get the following partial result Proposition 3.23. Let α : G Ñ AutpAq be a continuous action and let I Ď A be a G-invariant ideal. If α is strongly amenable then so are the actions α I and α A{I on I and A{I, respectively.
Proof. The quotient map q : A ։ A{I induces a unital G-equivariant strictly continuous homomorphismq : MpAq Ñ MpBq which is easily seen to map ZMpAq into ZMpA{Iq. Thus α A{I is amenable by Lemma 3.20. On the other hand, if I Ď A is a G-invariant ideal there is a canonical nondegenerate (restriction) homomorphism R : A Ñ MpIq whose extension to MpAq clearly maps ZMpAq to ZMpIq.
Weak containment and commutant amenability
In this section we use ideas developed by the authors in the case of discrete groups in [12] . These provide sufficient and necessary conditions for a G-C˚-algebra pA, αq to have the weak containment property as in:
Recall from [11] that the injective crossed product functor pA, αq Þ Ñ A¸i nj G is the largest crossed product functor which is injective in the sense that every Gequivariant inclusion ϕ : A ãÑ B from a G-algebra A into a G-algebra B descends to an inclusion ϕ¸i nj G : A¸i nj G ãÑ B¸i nj G. For a given G-algebra pA, αq, the crossed product A¸i nj G can be realized as the completion of the convolution algebra C c pG, Aq with respect to the norm
It was observed in [11, Proposition 4.2] that A¸i nj G " A¸r ed G whenever G is exact, so that for exact groups the weak containment property (WC) is equivalent to the statement that the canonical quotient map q : A¸m ax G Ñ A¸i nj G extending the identity on C c pG, Aq is an isomorphism. For the latter, there is a straightforward characterisation in terms of injective covariant representations, as in the following 
The following proposition extends [12, Theorem 4.9] , where the same result has been shown for actions of discrete groups. (1) The descent ι¸m ax G : A¸m ax G Ñ B¸m ax G is injective.
(2) Every nondegenerate covariant representation pπ, uq of pA, G, αq on some Hilbert space H is G-injective with respect to the inclusion ι : A ãÑ B.
(3) There exists a nondegenerate covariant representation pπ, uq of pA, G, αq which is G-injective with respect to ι : A ãÑ B and which has a faithful integrated form π¸u : A¸m ax G Ñ BpHq.
Proof. The proof given for [12, Theorem 4.9] , which states the same result in the case of discrete G goes through also for the general case with only one small adaptation. Indeed, in the diagram
given in the proof of (1)ñ (2) . For a G-C˚-algebra A, the following are equivalent:
(1) A¸m ax G " A¸i nj G;
(2) every nondegenerate covariant representation pπ, uq is G-injective;
(3) there is a G-injective nondegenerate covariant representation that integrates to a faithful representation of A¸m ax G. Moreover, if G is exact,¸i nj may be replaced by¸r ed in the above.
In order to connect the above observations to amenability, we need the following extension of [12, Lemma 4.11 ] from discrete to locally compact groups. But the original proof goes through without change.
Lemma 4.5. Let A be a G-algebra and let pπ, uq : pA, Gq Ñ BpHq be a nondegenerate G-injective covariant pair. Then for any unital G-algebra C there exists a ucp G-map φ : C Ñ πpAq 1 Ď BpHq.
We are now going to introduce a notion of amenability which, at least for exact groups G characterizes weak containment: Definition 4.6. Let pA, αq be a G-C˚-algebra. For a covariant representation pπ, uq : pA, Gq Ñ BpHq, equip the commutant πpAq 1 with the action Adu. Then pπ, uq is commutant amenable if there exists a net tθ i : G Ñ πpAq 1 u of continuous, compactly supported, positive type functions such that }θ i peq} ď 1 for all i and θ i pgq Ñ 1 ultraweakly and uniformly for g in compact subsets of G.
The G-C˚-algebra pA, αq is commutant amenable (CA) if every nondegenerate covariant pair is commutant amenable.
Remark 4.7. One can change the definition above by demanding a net pθ i q that takes values in πpAq 1 c (but that otherwise has the same properties). Using Lemma 3.9, this would not change the definition of commutant amenability (for either representations or actions). Proposition 4.8. Let pA, αq be a G-C˚-algebra. Consider the following statements:
Proof. The implication (1)ñ(2) is shown in Remark 3.6. So suppose that (2) holds and let pπ, uq be a nondegenerate covariant representation of pA, G, αq. By Proposition 2.2 there exists a normal surjective G-equivariant˚-homomorphism Φ :
q is a net of compactly supported positive type functions implementing amenability of α it follows that pΦ Z˝θi q implements commutant amenability of pπ, uq, hence (3). The implication (3)ñ(4) is trivial and (4)ñ(5) follows from Lemma 4.9 below.
Finally (5) together with Corollary 4.4 imply that every nondegenerate covariant representation of pπ, uq is G-injective. But then Lemma 4.5 implies that there exists a G-equivariant ucp map Φ : C ub pGq Ñ πpAq 1 . As G is exact, [9, Theorem 5.8] implies that the action on C ub pGq is strongly amenable, i.e., there exists a net pη i q of continuous compactly supported positive type functions such that }η i peq} ď 1 for all i and η i pgq Ñ 1 C ub pGq in norm uniformly on compact subsets of G. But then pΦ˝η i q is a net of πpAq 1 -valued positive type functions which implements commutant amenability of pπ, uq.
In what follows, we say that a family tpπ j , u j q : j P Ju of covariant representations of pA, G, αq is faithful if their direct sum integrates to a faithful representation of A¸m ax G. As a consequence, if there exists a faithful family tpπ j , u j q : j P Ju of commutant amenable covariant representations of pA, G, αq, then A¸m ax G " A¸r ed G.
Proof. Let pπ, uq : pA, Gq Ñ BpHq be a commutant amenable covariant representation. Using Remark 4.7 and Lemma 3.11, there is a net ξ i P C c pG, πpAq 1 c q Ď L 2 pG, πpAq 1 c q with the properties from item (2) of Lemma 3.11. For each i, define
A simple computation shows that for all i P I we have
Thus }T i } ď 1 for all i P I. The adjoint of T i is easily seen to be given by For f P C c pG, Aq Ď A¸m ax G and v P H we compute:
Using that ξ i takes values in πpAq 1 , we therefore get
As xξ i | λ α π g ξ i y πpAq 1 converges weakly to 1 and uniformly for all g in compact subsets of G, and as multiplication is separately weakly continuous, we get weak convergence φ i`p π b 1q¸pu b λqpf q˘Ñ pπ¸uqpf q.
As weak limits do not increase norms and as each φ i is contractive, we get
Remark 4.10. We have seen in the previous section that our notion of amenability enjoys some desirable permanence properties like passage to ideals and quotients.
It is also not difficult to see from the definition that commutant amenability passes to quotients and ideals. In particular it follows that the commutant amenability of a G-action on a C˚-algebra A implies its inner exactness in the sense that the sequence
On the other hand we will see in Theorem 6.1 below that if A is amenable then A b max B is amenable for any B; this property fails for commutant amenability, as will follow from our examples in Section 7 below.
The standard form and actions on commutative C˚-algebras
For commutative G-C˚-algebras we shall now see that commutant amenability and amenability are equivalent notions, and in case of separable systems with commutative A " C 0 pXq, we shall observe that both notions are equivalent to a version of measurewise amenability for the action G ñ X. Our notion of measurewise amenability seems to be slightly stronger as the one introduced in [6] , but both notions turn out to be equivalent if G is exact.
As we shall see below, the fact that commutant amenability implies amenability for commutative A is an easy consequence of the existence of a Haagerup standard form for the G-von Neumann algebra A 2 α . The idea to use Haagerup standard forms for the study of amenable actions is due to Matsumura [28] and was also exploited in [12] . The following theorem is a consequence of [23, Theorem 2.3 and Corollary 3.6].
Theorem 5.1 (Haagerup standard form). There exist faithful normal representations π of A 2 α and π op of pA op α op q 2 on the same Hilbert space H together with a strongly continuous unitary representation u : G Ñ U pHq such the following are satisfied:
(1) pπ, uq is covariant for pA 2 α , G, α 2 q and pπ op , uq is covariant for
The following theorem has been shown by Matsumura in [28] for G discrete and A " CpXq commutative and unital. It has been extended by the authors to actions of discrete G on possibly non-unital A " C 0 pXq in [12] . The following theorem gives a version which works for actions of general locally compact groups.
Theorem 5.2. Suppose that α : G Ñ AutpAq is an action with A commutative and consider the following statements:
(1) A is amenable.
(2) A is commutant amenable.
(3) A¸m ax G " A¸r ed G. Then (1)ô(2)ñ(3). If, in addition, G is exact, all three statements are equivalent.
Proof. By Proposition 4.8 we already know (1)ñ(2)ñ(3). To see (2)ñ(1), observe that (2) implies in particular that the Haagerup standard form representation pπ, uq is commutant amenable. But for A commutative, we have πpAq 1 " A 2 α " ZpA 2 α q, hence commutant amenability of pπ, uq turns out to be equivalent to amenability of α. If G is exact, Proposition 4.8 also implies (3) We will need a slight variant of this.
Definition 5.4. If a G-von Neumann algebra pM, σq (or just the action σ) satisfies condition (3) of Proposition 3.12 above, we say that σ is C˚-amenable.
A commutative G-C˚-algebra pC 0 pXq, αq is called measurewise C˚-amenable if for every quasi-invariant finite Radon measure µ on X the corresponding action on the G-von Neumann algebra L 8 pX, µq is C˚-amenable.
By Proposition 3.12, measurewise C˚-amenability always implies measurewise amenability, and both are equivalent if G is exact.
Our main goal in the rest of this section is the following Theorem 5.5. Let pC 0 pXq, αq be a commutative G-C˚-algebra, and assume that X and G are second countable. Then the following are equivalent:
(1) α is amenable.
(2) α is commutant amenable.
(3) α is measurewise C˚-amenable. Moreover, all these conditions imply (4) The action on X is measurewise amenable. This in turn implies (5) C 0 pXq¸m ax G " C 0 pXq¸r ed G. Finally, if G is exact, then the conditions (1)-(5) are all equivalent.
For the proof we will need a general technical lemma about C˚-amenability. For the statement, let us say that a covariant representation pπ, uq of a G-C˚-algebra A is cylic if the integrated form π¸u is cyclic as a representation of A¸m ax G.
Lemma 5.6. Let pA, αq be a G-C˚-algebra. Then the following are equivalent.
(2) For every nondegenerate covariant representation pπ, uq of pA, G, αq the action Adu : G Ñ AutpπpAq 2 q is C˚-amenable.
(3) For every cyclic covariant representation pπ, uq of pA, G, αq the action Adu :
Proof. The implications (1)ñ(2)ñ(3) are trivial, so we only need to check (3)ñ(1). For each state ϕ of A¸m ax G let us denote by pπ ϕ , u ϕ q the covariant pair such that π ϕ¸uϕ : A¸m ax G Ñ BpH ϕ q is the GNS-representation corresponding to ϕ. By (3) there are directed sets I ϕ and nets of continuous compactly supported positive type functions θ ϕ i : G Ñ Zpπ ϕ pAq 2 q which implement C˚-amenability of Adu ϕ . Since the universal representation i A¸iG of A¸m ax G is the direct sum of all π ϕ¸uϕ , ϕ P SpA¸m ax Gq, we get a natural inclusion
ś ϕPF I ϕ with the component-wise ordering and let J :" ti F P I F : F Ď SpA¸m ax Gq finiteu.
Then J becomes a directed set if we define
We then define a net of compactly supported functions θ iF : G Ñ ZpA 2 α q over the directed set J by θ iF pgq :" ' ϕPF θ ϕ iϕ pgq. It is straightforward to check that the net pθ iF q establishes amenability for α.
Proof of Theorem 5.5. The implication (1)ñ(2) is part of Proposition 4.8. For the implication (2)ñ(3), note that if µ is a quasi-invariant Borel measure on X we can construct a covariant representation pM µ , uq of pC 0 pXq, G, αq on L 2 pX, µq given bỳ
where dµpg´1xq dµpxq denotes the Radon-Nikodym derivative. For these representations we clearly have M µ pC 0 pXqq 1 " M µ pC 0 pXqq 2 " L 8 pX, µq so commutant amenability of pM µ , uq implies that there exists a net pθ i q iPI of positive type functions in C c pG, L 8 pX, µqq such that }θ i peq} 8 ď 1 and θ i pgq Ñ 1 X ultaweakly and uniformly on compact subsets of G. The existence of such a net is precisely the condition for C˚-amenability for the action on L 8 pX, µq. To see (3)ñ(1), note that by Proposition 5.6, it is enough to show that for every cyclic covariant representation pπ, uq : pA, Gq Ñ BpH π q the action Adu : G Ñ AutpπpAq 2 q is C˚-amenable. Since C 0 pXq¸m ax G is separable, it follows that the Hilbert space H π is separable as well. It follows then from Renault's disintegration theorem [31, Théorème 4.1] , that there exists a quasi-invariant measure µ on X such that π has a direct integral decomposition ş X π x dµ π pxq with respect to a measurable field of Hilbert spaces over pX, µq. This implies that there exists an ultraweakly continuous unital˚-homomorphism Φ π : L 8 pX, µq Ñ ZpπpAq 2 q. Composing Φ π with a net pθ i q of positive type functions in C c pG, L 8 pX, µqq which implements measurewise C˚-amenability, we obtain a net which establishes C˚amenability of pπpAq 2 , Aduq.
As already mentioned above, the implication (3)ñ(4) follows from the implication (3)ñ(8) in Proposition 3.12. The implication (4)ñ(5) is [6, Proposition 6.1.8]. Finally, if G is exact, (5)ñ(2) follows from Proposition 4.8, so we are done.
The standard form and general actions
For arbitrary G-C˚-algebras we get the following application of the Haagerup standard form: this result extends Matsumura's [28, Theorem 1.1], where the result is shown for G discrete and A unital and nuclear. Theorem 6.1. Let pA, αq be a G-C˚-algebra and consider the following statements (1) α is amenable.
(2) For every G-C˚-algebra pB, βq the diagonal action
Then (1) Thus to complete the proof, we need to show (3)ñ(1). If pπ, uq and π op are as in Haagerup's standard form, we obtain a covariant representation pπˆπ op , uq of pA b max A op , G, α b α op q into BpHq such that pπˆπ op qpa b bq " πpaqπ op pbq for all a P A and b P A op . Then (2) implies that pπˆπ op , uq is commutant amenable. It follows then from the properties of π and π op that pπˆπ op qpA b max A op q 1 -ZpA 2 α q, hence commutant amenability of pπˆπ op , uq implies amenability of α, giving (2)ñ(1).
In [5] Anantharaman-Delaroche defined an action pA, αq of G to be weakly amenable, if, for every G-C˚-algebra pB, βq, pA b min Bq¸α bβ,max G -pA b min Bq¸α bβ,red G.
But she also mentioned, that there was no particular reason to choose the spatial tensor product rather than the maximal one in her definition. As a direct consequence of Theorem 6.1 and Proposition 4.8 we get Corollary 6.2. Let pA, αq be a G-C˚-algebra with G exact. Then the following are equivalent:
(2) pA, αq is weakly amenable in the sense that for every G-C˚-algebra B we have pA b max Bq¸α bβ,max G -pA b max Bq¸α bβ,red G.
In what follows we use Theorem 6.1 and Corollary 6.2 to check amenability in various interesting situations. We start with showing that amenability of an action pA, αq of G passes to its restrictions to exact closed subgroups H of G. At first sight, this statement looks trivial, since if tθ i : G Ñ ZpA 2 α qu is a net of continuous compactly supported positive type functions which implement amenability of pA, αq, then the net tθ i | H : H Ñ ZpA 2 α qu certainly implements C˚-amenability of the action of H on A 2 α , which implies amenability of α| H in case where A 2 α|H " A 2 α .
Unfortunately, this is not always true: It follows from the universal property of A 2 α|H that the identity of A extends to a normal surjective˚-homomorphism q H : A 2 α|H Ñ A 2 α . But this map does not have to be injective in general. For example, if G acts on A " C 0 pGq by the translation action τ , then we have seen before, that C 0 pGq 2 τ " L 8 pGq. But if H " teu, we get C 0 pGq 2 τ | teu " C 0 pGq˚ẘ hich, as observed before, differs from L 8 pGq if G is not discrete. However, using Theorem 6.1 we can show Proposition 6.3. Suppose that α : G Ñ AutpAq is an amenable action and that H is an exact closed subgroup of G. Then the restriction α| H : H Ñ AutpAq is amenable as well.
Proof. By Theorem 6.1 it suffices to show that (5) pA b max A op q¸m ax H -pA b max A op q¸r ed H via the regular representation. To see this we first observe that amenability of α implies that the diagonal action α
where τ : G Ñ AutpC 0 pG{Hqq is given by left translation. As a consequence, we have
via the regular representation. Now by Green's imprimitivity theorem (e.g., see the discussion after [14, Theorem 2.6.4]) there is a canonical equivalence bimodule
and which factors through an equivalence bimodule X G H pAb max A op q red which gives a Morita equivalence for the reduced crossed products
The isomorphism (5) then follows from the isomorphism (6) and the Rieffel correspondence between ideals in Morita equivalent C˚-algebras (see [ Recall that if X is a locally compact G-space, then a G-algebra pA, αq is called an X¸G-algebra, if there exists a nondegenerate G-equivariant˚-homomorphism Φ : C 0 pXq Ñ ZMpAq. If A is an X¸G-algebra, then for each x P X the fibre A x of A at x is the quotient A x :" A{I x , where I x :" ΦpC 0 pX txuqqA is the ideal of "sections" which vanish at x. It follows from [34, Theorem C.26 ] that a G-algebra pA, αq has the structure of an X¸G-algebra if and only if there exists a continuous G-equivariant map ϕ : PrimpAq Ñ X. More precisely, given Φ : C 0 pXq Ñ ZMpAq as above, then the corresponding map ϕ : PrimpAq Ñ X sends the closed subspace PrimpA x q Ď PrimpAq to the point x.
If G x " tg P G : gx " xu denotes the stabilizer at a point x P X, then α induces an action α x : G x Ñ AutpA x q via α x g pa`I x q " α g paq`I x . In what follows, we denote by Gpxq " tgx : g P Gu the G-orbit of x P X.
Recall that a topological space Z is called almost Hausdorff if every closed subset Y of Z contains a relatively open dense Hausdorff subset U Ď Y and Z is called a T 0 -space if for two points y, z P Z with y ‰ z at least one of these points is not in the closure of the other. Definition 6.5. A locally compact G-space X is called regular if at least one of the following conditions hold:
(1) For each x P X the canonical map G{G x Ñ Gpxq; gG x Þ Ñ gx is a homeomorphism and the orbit space GzX is either almost Hausdorff or second countable. (2) GzX is almost Hausdorff and G is σ-compact.
(3) G and X are second countable and GzX is a T 0 -space.
As our next application of Theorem 6.1 and Corollary 6.2 we now prove Theorem 6.6. Suppose that G is an exact group and that X is a regular locally compact G-space. Further let pA, αq be an X¸G-algebra. Then the following are equivalent:
(1) α : G Ñ AutpAq is amenable.
(2) For every x P X the action α x : G x Ñ AutpA x q is amenable.
Proof. To see (1)ñ(2) we first apply Proposition 6.3 to see that the restriction of α to G x is amenable for all x P X. Indeed, if pA, αq is an X¸G algebra via the structure map Φ : C 0 pXq Ñ ZMpAq, then pA b max B, α b βq is an X¸G-algebra with respect to the structure map
Moreover, it follows from the exactness of the maximal tensor-product that the fibre pA b max Bq x is isomorphic to A x b max B with action pα b βq x " α x b β : G Ñ AutpA x b max Bq. Now if α x is amenable, the same is true for α x b β. It follows that the X¸G-algebra pA b max B, α b βq again satisfies all assumptions of the theorem.
It therefore suffices to show that, under the assumptions of the theorem, the maximal and reduced crossed products coincide. For this it suffices to show that every primitive ideal of A¸m ax G contains the kernel of the regular representation Λ : A¸m ax G Ñ A¸r ed G. To see this, let ϕ : PrimpAq Ñ X be the continuous G-map corresponding to Φ. It follows then from [17, Proposition 3] that ϕ is a complete regularization in the sense of [17, Definition 1], which then implies (using [17, Proposition 2]) that every primitive ideal P P PrimpA¸m ax Gq can be realized as the kernel of an induced representation Ind G Gx pρ¸uq, where pρ, uq is the inflation of some irreducible representation of pA x , G x , α x q to pA, G x , αq. Since α x : G x Ñ AutpA x q is amenable, the representation ρ¸u is weakly contained in the inflation of the regular representation of pA x , G x , α x q to pA, G x , αq, which, in turn, is weakly contained in the regular representation of A¸m ax G x . Since induction preserves weak containment and since the regular representation of A¸m ax G x induces to the regular representation Λ of A¸m ax G, we see that Ind G Gx pρ¸uq is weakly contained in Λ, which just means that P " kerpInd G Gx pρ¸uqq Ě ker Λ and the result follows.
A trivial G-space X is always regular, so the following is an immediate consequence of Theorem 6.6. Corollary 6.7. Suppose that pA, αq is an X¸G algebra with X a trivial Gspace and that G is exact. Then α is amenable if and only if all fibre actions α x : G Ñ AutpA x q are amenable.
If H is a closed subgroup of G and α : H Ñ AutpAq is an action, then
is a G-C˚-algebra with respect to the action Ind α : G Ñ AutpInd G H Aq; Ind α g pf qptq :" f pg´1tq. The system pInd G H pA, αq, G, Ind αq is called the system induced from pA, H, αq to G. Note that there is a canonical G-equivariant structure map Φ : C 0 pG{Hq Ñ ZpInd G H pA, αqq;`Φpϕqf˘pgq " ϕpgHqf pgq, which gives pInd G H pA, αq, G, Ind αq the structure of a G{H¸G-algebra. The evaluation maps f Þ Ñ f pgq then identify the fibres pInd G H pA, αqq gH with A and the actions pInd αq gH : G gH " gHg´1 Ñ AutppInd G H pA, αqq gH q with α g : gHg´1 Ñ AutpAq given by α g ghg´1 " α h . Thus, as a direct corollary of Theorem 6.6 we get Corollary 6.8. Let H be a closed subgroup of the exact group G and let α : H Ñ AutpAq be an action. Then the induced action Ind α : G Ñ AutpInd G H pA, αqq is amenable if and only if α is amenable.
Note that for discrete groups G the above result has been shown by Anantharaman-Delaroche in [4, Théorème 4.6] without any exactness conditions on G.
The next application deals with inductive limits by ideals: Proposition 6.9. Let pA, αq be a G-algebra for the exact group G and let pI j q jPJ be a net of G-invariant ideals I j Ď A such that I j Ď I j 1 if j ď j 1 and such that A " Ť jPJ I j . Then α is amenable if and only if the restriction of α to all I j is amenable.
Proof. We already saw in Proposition 3.22 that amenability passes to restrictions of actions to G-invariant ideals, so we only need to show that amenability of pI j , αq for all j P J implies amenability of pA, αq. By Corollary 6.2 it suffices to show that for all G-C˚-algebras pB, βq we have pA b max Bq¸m ax G -pA b max Bq¸r ed G via the regular representation.
If pB, βq is given, we easily observe that the assumptions of the proposition pass to the net of G-invariant ideals pI j b max Bq jPJ in pAb max B, αbβq. Thus it suffices to show that the assumptions of the proposition imply that A¸m ax G -A¸r ed G. But since pI j q jPJ is a directed system of G-invariant ideals, we get from the amenability of pI j , αq that A¸m ax G " lim j pI j¸max Gq " lim j pI j¸red Gq " A¸r ed G.
Before we state our next result, we need to recall a theorem of Glimm ([22, Theorem 1]): Theorem 6.10 (Glimm) . Suppose that the second countable locally compact group G acts on the almost Hausdorff second countable locally compact space X. Then the following are equivalent:
(1) GzX is a T 0 space. Note that Glimm's original theorem lists a number of other equivalent statements, but the above are all we need. If G ñ X satisfies the statements of Glimm's theorem, we say that X is a regular G-space. Item (1) in Glimm's theorem implies that this is compatible with Definition 6.5 if X is Hausdorff.
The theorem applies in particular to actions α : G Ñ AutpAq of second countable groups on separable type I C˚-algebras: in this situation the dual space p A of unitary equivalence classes of irreducible˚-representations of A is almost Hausdorff and locally compact with respect to the Jacobson (or Fell) topology as described in [15, Chapter 3] . If α : G Ñ AutpAq is an action, then there is a corresponding topological action G ñ p A given by pg, rπsq Þ Ñ rπ˝α g´1 s. Moreover, for each rπs P p A the action α induces an action α π of the stabilizer G π on the algebra of compact operators KpH π q given by α π g " AdV g if V g P U pH π q is a unitary which implements the unitary equivalence π » π˝α g (e.g., see [14, Remark 2.7.28] ). Theorem 6.11. Suppose that G is a second countable exact locally compact group and α : G Ñ AutpAq a strongly continuous action of G on the separable type I C˚algebra A such that the corresponding action on p A is regular. Then α is amenable if and only if all stabilizers G π for the action of G on p A are amenable.
Proof. We first observe that it follows from Glimm's theorem, that for each rπs P p A the orbit Gprπsq " trπ˝α g s : g P Gu is locally closed in p A. This implies that there are G-invariant ideals J Ď I Ď A such that Gprπsq -y I{J: just take J " č tker ρ : rρs P Gprπsqu and I " č ! ker σ : rσs P Gprπsq Gprπsq ) and use the well-known correspondences between open (respectively closed) subsets of p A with the duals of ideals (respectively quotients) of A as explained in [15, Chapter 3] . In what follows, we shall write A Gprπsq for this subquotient I{J.
Since by Proposition 3.22 amenability passes to ideals and quotients it follows that amenability of α implies amenability of the induced action α Gprπsq of G on the subquotient A Gprπsq . Since Gprπsq -{ A Gprπsq , it follows from [16, Theorem] that pA pGrπsq , α Gprπsis isomorphic to the induced system`Ind G Gπ pKpH π q, α π q, Ind α π˘. Thus, it follows from Corollary 6.8 that α Gprπsq is amenable if and only if the action α π : G π Ñ AutpKpH πis amenable. Since ZpKpH π q˚˚q " ZpBpH π" C, it follows that amenability of α π is equivalent to amenability of G π .
So far we observed that under the assumptions of the theorem amenability of α implies amenability of G π for all rπs P p A. To see the converse, let pU ν q be a system of G-invariant open subsets of p A over the ordinal numbers as in Glimm's theorem.
Then for each ν there is a unique G-invariant ideal I ν Ď A such that U ν -p I ν .
Since p
A " U ν0 " x I ν0 for some ordinal number ν 0 , we also have A " I ν0 . We show by transfinite induction that, if all stabilizers G π are amenable, then the restrictions α ν : G Ñ AutpI ν q of α to the G-ideals I ν are amenable for all ν. For ν " 0 we have U 0 " H and therefore I 0 " t0u and the result is clear. So suppose now that 0 ă ν is an ordinal number such that α µ : G Ñ AutpI µ q is amenable for all µ ă ν. If ν is a limit ordinal, then U ν " Ť µăν U µ from which it follows that I ν " Ť µăν I µ . It follows then from Proposition 6.9 that α ν : G Ñ AutpI ν q is amenable.
So assume now that ν " µ`1 for some ordinal µ. By the conditions in item (4) of Glimm's theorem the space X ν :" GzpU ν U µ q -Gzp { I ν {I µ q is Hausdorff. Therefore the G-C˚-algebra A ν :" I ν {I µ has the structure of an X ν¸G -algebra for the trivial G-space X ν , and it is a good exercise to check that the fibre actions α Gprπsq : G Ñ AutpA Gprπsat orbits Gprπsq P X ν coincide with the actions pA Gprπsq , α Gprπsas studied above. As seen above, these fibre systems are amenable iff the groups G π are amenable. Thus it follows from Corollary 6.7 that amenability of G π for all rπs P p A implies amenability of the action on A ν " I ν {I µ . By assumption, the action on I µ is amenable as well. Hence Proposition 3.22 now implies amenability of α ν : G Ñ AutpI ν q. This finishes the proof.
Weak containment does not imply amenability
In what follows, we want to present an example of a non-amenable action α : G Ñ AutpAq of an exact group G on a C˚-algebra A " KpHq of compact operators such that A¸m ax G " A¸r ed G. This example shows that, at least for non-discrete groups, the weak containment problem has a negative answer. Since, for exact groups G, weak containment (WC) for an action α is equivalent to commutant amenability (CA), the example also shows that, even for exact groups G, (CA) is strictly weaker than amenability (A). Our example will also show that (WC) for an action pA, αq of G does not generally pass to the restriction pA, α| H q to a closed subgroup H of G.
So far, we do not have any such example where the group G is discrete, and we shall see below, that at least the construction of the examples given below has no obvious extension to the discrete case.
In order to prepare our example, we need to recall some basic facts on circle valued Borel 2-cocycles ω : GˆG Ñ T, the corresponding maximal and reduced twisted group algebras Cm ax pG, ωq and Cr ed pG, ωq and their relations to actions of G on compact operators KpHq and their crossed products. As a reference for more details, we refer to [14, Section 2.8.6] .
Recall that a circle valued Borel 2-cocycle on G is a Borel map ω : GˆG Ñ T such that ωpg, hqωpgh, lq " ωpg, hlqωph, lq and ωpg, eq " 1 " ωpe, gq for all g, h, l P G, where e denotes the neutral element of G. An ω-representation is a weakly Borel map V : G Ñ UpHq for some Hilbert space H such that
The regular ω-representation λ ω : G Ñ UpL 2 pGqq is defined bỳ λ ω g ξ˘phq " ωpg, g´1hqξpg´1hq.
The ω-twisted L 1 -algebra L 1 pG, ωq consists of the Banach space L 1 pGq (with respect to Haar measure) with ω-twisted convolution and involution given by
for f, f 1 , f 2 P L 1 pGq and g P G.
Every ω-representation V : G Ñ UpHq integrates to give a˚-representationṼ :
and the assignment V Þ ÑṼ gives a one-to-one correspondence between ω-representations of G and nondegenerate˚-representations of L 1 pG, ωq.
The maximal twisted group algebra Cm ax pG, ωq is the enveloping C˚-algebra of L 1 pG, ωq, i.e., the completion of L 1 pG, ωq by the C˚-norm }f } max " sup V }Ṽ pf q}, where V runs through all ω-representations of G, and the reduced twisted group algebra Cr ed pG, ωq is the completion of L 1 pG, ωq by the reduced norm }f } red " }λ ω pf q}.
If ω P Z 2 pG, Tq is a 2-cocycle, its inverse in Z 2 pG, Tq is given by the complex conjugateω of ω, and if W : G Ñ UpHq is anω-representation, we get an action αω :" AdW : G Ñ AutpKpHqq of G on the compact operators K :" KpHq such that Cm ax pG, ωq b K -K¸m ax G and Cr ed pG, ωq b K -K¸r ed G, where both isomorphisms are extensions of the map
Conversely (at least for second countable groups G) one can show that every action of G on KpHq is implemented by someω-representation W for some cocycle ω P Z 2 pG, Tq, so crossed products of group actions on KpHq always correspond to twisted C˚-group algebras. Again, we refer to [14, Section 2.8.6] for more details. As a direct consequence we get the following Observation 7.1. Assume that ω is a circle valued Borel 2-cocycle on the locally compact group G. Then Cm ax pG, ωq -Cr ed pG, ωq via the regular representation λ ω if and only if K¸αω ,max G -K¸αω ,red G via the regular representation.
Another observation, which we already made in the proof of Theorem 6.11 above, is the following Thus, if we combine the above observations, in order to produce a non-amenable action αω : G Ñ AutpKpHqq which satisfies (WC), it suffices to find a non-amenable group G and a circle valued 2-cocycle ω : GˆG Ñ T such that Cm ax pG, ωq -Cr ed pG, ωq via the ω-regular representation λ ω .
In order to find such examples, we now consider central extensions
of second countable locally compact groups. In this situation the maximal C˚-group algebra Cm ax pLq carries a canonical structure as C 0 p p Zq-algebra via the structure homomorphism
Zq denotes the Fourier transform of f P C c pZq Ď C˚pZq, and where i L : L Ñ U MpCm ax pLqq is the canonical homomorphism. The fibre Cm ax pLq χ over a character χ P p Z is is the quotient of Cm ax pLq (respectively Cr ed pLqq by the ideal
Composing Φ : C 0 p p Zq Ñ ZMpCm ax pLqq with the regular representation induces a similar structure as a C 0 p p Zq-algebra on Cr ed pLq and if G is exact (or p Z is discrete), the fibres Cr ed pLq χ at χ P p Z are the quotients
) .
If Z happens to be compact (or even finite), we get direct sum decompositions The fibres Cm ax pLq χ and Cr ed pLq χ have alternative descriptions as twisted group algebras. This well-known fact, which goes back to Mackey's analysis of unitary representations for group extensions, can be deduced, for example, from [30, Theorem 1.2] (see also [18, Lemma 6.3] ), but in order to give a complete picture, we present the main ideas below.
First we choose once and for all a Borel cross-section c : G Ñ L for the quotient map q : L Ñ G such that cpe G q " e L . Then each character χ P p Z determines a 2-cocycle ω χ : GˆG Ñ T by ω χ pg, hq " χ`cpgqcphqcpghq´1˘, g, h P G. Proof. To see that V " U˝c is an ω χ -representation, we simply observe that for all g, h P G, we have
Conversely, if V : G Ñ UpHq is an ω χ -representation, we use the fact that every h P L can be written uniquely as h " cpgqz for some g P G and z P Z. We then define U : L Ñ UpHq by U pcpgqzq " V pgqχpzq. It is then easy to check that U is a weakly Borel homomorphism. Hence U is a weakly continuous homomorphism by a well-known automatic continuity theorem for Polish groups.
Remark 7.4. If χ P p Z, then, using the Borel-section c : G Ñ L, the induced representation Ind L Z χ in the sense of Mackey and Blattner (e.g., see [14, Section 2.7] for the definition in this setting) can be realized on the Hilbert space L 2 pGq by the formula (9)`Ind L Z χpcpgqzqξ˘phq " χpzqω χ pg, g´1hqξpg´1hq g, h P G, z P Z. Indeed, If H χ " F χ is the Hilbert space of the induced representation as defined preceding [14, Proposition 2.7.7] , then the map W : F χ Ñ L 2 pGq; ξ Þ Ñ ξ˝c extends to a unitary intertwiner between Blattner's realization of Ind L Z χ and the representation defined by the formula (9) .
It follows that Ind L Z χ corresponds to the ω χ -regular representation λ ωχ under the correspondence of Lemma 7.3 above.
Proposition 7.5. Let 1 Ñ Z Ñ L Ñ G Ñ 1 be as above and for each χ P p Z let ω χ P Z 2 pG, Tq be the cocycle determined by χ and the Borel cross-section c : G Ñ L. Then the map
extends to a surjective˚-homomorphism φ χ : Cm ax pLq Ñ Cm ax pG, ω χ q with kernel I χ , and therefore induces an isomorphism
Similarly, the map ϕ χ induces an isomorphism Cr ed pLq χ -Cr ed pG, ω χ q.
Proof. Using the formula ş L f plq dl "
ş G`şZ f pcpgqzq dz˘dg it follows from a lengthy but straightforward computation that the map ϕ χ : C c pLq Ñ L 1 pG, ω χ q preserves convolution and involution. To see that it extends to Cm ax pLq (respectively Cr ed pLq) it suffices to show that for every ω χ -representation V : G Ñ UpHq the compositioñ V˝ϕ χ is the integrated form of the unitary representation U : L Ñ UpHq, which corresponds to V as in Lemma 7.3. Using U pcpgqzq " V g χpzq this follows from
It follows also from this computation thatṼ Þ ÑṼ˝φ χ gives a one-to-one correspondence between the representations of Cm ax pG, ω χ q and the representations of the quotient Cm ax pLq χ " Cm ax pLq{I χ , which completes the proof for the maximal (twisted) C˚-group algebras. A similar result follows for the reduced (twisted) C˚-group algebras by combining the above argument with Remark 7.4.
We are now ready to formulate the following principle: Proposition 7.6. Suppose that 1 Ñ Z Ñ L Ñ G Ñ 1 is a central extension of second countable groups such that Z is compact or G is exact. Suppose further that G is not amenable and there exists a character χ P p Z such that the following holds: (Z) Every irreducible unitary representation U : L Ñ UpHq of L which restricts to χ¨1 H on Z is weakly contained in the regular representation λ L of L.
Then Cm ax pG, ω χ q -Cr ed pG, ω χ q via the ω χ -regular representationλ ωχ . In particular, there exists a non-amenable action α χ : G Ñ AutpKpHqq such that
via the regular representation.
Proof. If χ P p Z such that property (Z) holds for χ, then it follows from the description of the fibres Cm ax pLq χ and Cr ed pLq χ as quotients of Cm ax pLq by the ideals described in (7) and (8) that the regular representationλ L : Cm ax pLq Ñ Cr ed pLq factors through an isomorphism Cm ax pLq χ -Cr ed pLq χ . The result then follows from Proposition 7.5 together with Observations 7.1 and 7.2
We are grateful to Timo Siebenand for helpful discussions towards the following example for a central extension satisfying all the assumptions of the above proposition.
Example 7.7. Consider the central extension
where C 2 denotes the cyclic group of order two sitting in SLp2, Cq via˘I with I the identity matrix. The representation theory of SLp2, Cq is well known and, following [21] , a complete list of (equivalence classes) of irreducible representations of SLp2, Cq can be parametrized by the parameter space P consisting of the disjoint union of the following subsets of N 0ˆC :
If p0, 2q ‰ pn, sq P P the corresponding irreducible representation U pn,sq : SLp2, Cq Ñ UpH pn,sacts on a Hilbert space H pn,sq consisting of certain functions ξ : C Ñ C by the formula
The point p0, 2q P P parametrizes the trivial representation of SLp2, Cq. It has been shown by Lipsman in [27] that the only representations in this list which are not weakly contained in the regular representation λ are the trivial representation (with parameter p0, 2q) and the representations U p0,tq with t P p0, 1q. But formula (10) easily shows that all these representations restrict to a multiple of the trivial character of C 2 . Hence it follows that the non-trivial character χ of C 2 satisfies all assumptions of Proposition 7.6. A similar direct approach, using the well-known representation theory of SLp2, Rq shows, that the central extension 1 Ñ C 2 Ñ SLp2, Rq Ñ PSLp2, Rq Ñ 1 together with the non-trivial character of C 2 also gives an example satisfying the assumptions of Proposition 7.6.
Remark 7.8. We should point out that the above example does not contradict Theorem 6.1. Indeed, if ω P Z 2 pG, Tq and α ω : G Ñ AutpKpHqq is the corresponding action, then pα ω q op : G Ñ AutpKpHq op q can be identified (up to exterior equivalence) with αω : G Ñ AutpKpHqq. But then the diagonal action α ω bpα ω q op " α ω bαω corresponds to the trivial cocycle 1 " ω¨ω, and therefore the action can be implemented as α ω b αω " AdU for a weakly continuous homomorphism U : G Ñ UpH b Hq. But for such actions it is easy to see that (WC) implies amenability of the action, hence amenability of G (e.g., see the proof of Proposition 7.9 below). It follows in particular that for the actions α : G Ñ AutpKpHqq constructed by the principle in Proposition 7.6, the actions α b α op never satisfy (WC).
A similar construction of actions on KpHq of a non-amenable discrete group Γ seems to be very unlikely, due to the following observation: Proposition 7.9. Suppose that Γ is a discrete group which contains a copy of the free group F 2 in two generators. Then, for every action α : G Ñ AutpKpHqq of Γ on the algebra of compact operators KpHq, the regular representation Λ : KpHq¸m ax Γ Ñ KpHq¸r ed Γ is not faithful. Hence pKpHq, αq does not satisfy (WC).
For the proof we need: Proof of Proposition 7.9. Assume that α : Γ Ñ AutpKpHqq is an action which satisfies (WC). By assumption, Γ contains the free group F 2 . Thus it follows from Lemma 7.10 that the restriction of α to F 2 Ď Γ also satisfies (WC). Since every automorphism of KpHq is of the form AdU for a some U P UpHq, it follows from the freeness of F 2 that there exist a unitary representation U : F 2 Ñ UpHq such that α g " AdU g for each g P F 2 . It then follows that the map and under these isomorphisms the representation λ F2 b id K is transformed to the regular representation Λ : KpHq¸m ax F 2 Ñ KpHq¸r ed F 2 . But since F 2 is not amenable, the regular representation λ F2 : Cm ax pF 2 q Ñ Cr ed pF 2 q (and hence also λ F2 b id K ) is not faithful. This completes the proof.
Remark 7.11. Since Proposition 7.9 also applies to every non-amenable discrete subgroup Γ of G " PSLp2, Cq, it follows from Proposition 7.6 together with Example 7.7 that there exists an action α : G Ñ AutpKpHqq such that pKpHq, αq satisfies (WC) but pKpHq, α| Γ q does not. Thus we see that (WC) does not in general pass to restrictions of actions to closed subgroups, even if the groups involved are exact.
Remark 7.12. Our examples also show that the (WC) does not pass, in general, from GˆG to G viewed as a diagonal subgroup of GˆG. In other words, there are GˆG-C˚-algebras D with D¸m ax pGˆGq " D¸r ed pGˆGq but D¸m ax G " D¸r ed G when D is viewed as a G-C˚-algebra with respect to the restriction of the GˆGaction to G via the diagonal subgroup embedding G ãÑ GˆG. Indeed, for this we take A " KpHq endowed with one of the actions α as above and let D " A b A op endowed with the GˆG-action given by γ pg,hq :" α g b α op h . This GˆG-action satisfies (WC) since D¸m ax pGˆGq -pA¸m ax Gq b pA op¸m ax Gq -pA¸r ed Gq b pA op¸r ed Gq -D¸r ed pGˆGq. Notice that all C˚-algebras involved here are nuclear, so that we do not need to worry about the choice of maximal or minimal tensor product. On the other hand, the restriction of the GˆG-action on D to G is α b α op which, by the nonamenability of α, does not satisfy (WC) by Theorem 6.1.
Injectivity and the G-WEP
Recall that a G-C˚-algebra A is called G-injective if for every G-embedding ϕ : A ãÑ B (via˚-homomorphisms) of A into a G-C˚-algebra B there exists a G-equivariant contractive completely positive (ccp) map ψ : B Ñ A such that ψ˝ϕ " id A .
A much weaker notion is the following: we say that the G-C˚-algebra A has the G-equivariant weak expectation property (G-WEP) if for every G-embedding ϕ : A ãÑ B there exists a G-equivariant ccp map ψ : B Ñ A˚˚such that ψ˝ϕ " ι, where ι : A Ñ A˚˚denotes the canonical inclusion. A slightly weaker notion is the following Proof. This follows directly from the fact that for any G-C˚-algebra A the inclusion i A : A Ñ A 2 α extends to a surjective G-equivariant˚-homomorphism i˚Å : A˚˚Ñ A 2 α that restricts to the identity on A. Remark 8.3. We do not know whether the converse of the above lemma holds in general. Of course, it does whenever A 2 α -A˚˚which holds for example if G is discrete, or if the action is trivial or implemented as α " Adu for some strictly continuous unitary representation u : G Ñ U MpAq.
It has been observed in [11] that the G-WEP implies that A¸m ax G " A¸i nj G.
The following is a slight strengthening of this result: Proposition 8.4. Let pA, αq be a G-C˚-algebra. Then the following are equivalent:
(1) A has the continuous G-WEP.
(2) For every nondegenerate covariant representation pπ, uq : pA, Gq Ñ BpHq and every G-embedding ι : A ãÑ B into another G-C˚-algebra B, there is a ccp G-map ϕ : B Ñ πpAq 2 with ϕ˝ι " π. In particular, if A has the continuous G-WEP, then every covariant representation is G-injective and A¸m ax G " A¸i nj G.
Proof. Fix a nondegenerate covariant representation pπ, uq : pA, Gq Ñ BpHq and a G-embedding A ãÑ B. Assuming that A has the continuous G-WEP, there is a G-equivariant ccp map ψ : B Ñ A 2 α with ψ˝ι " i A : A ãÑ A 2 α . On the other hand, by Proposition 2.2 there is a normal G-equivariant homomorphism π 2 : A 2 α Ñ πpAq 2 Ď BpHq with π 2˝i A " π. It follows that ϕ :" π 2˝ψ is a ccp G-map with ϕ˝ι " π, as desired. Conversely, if every covariant representation satisfies this property, then so does the universal representation of A¸m ax G and this gives the continuous G-WEP for A.
The fact that, if A has the continuous G-WEP, then every covariant representation is injective is now true by definition (see Definition 4.2), and A¸m ax G " A¸i nj G follows from Proposition 4.3.
Proposition 8.5. Let pA, αq be a G-C˚-algebra and consider the statements:
(1) pA, αq has the continuous G-WEP.
(2) pA, αq is amenable. Then (2)ñ(1) if A is nuclear, and (1)ñ(2) if G is exact. In particular, if G is exact and A is nuclear, then both statements are equivalent.
Proof. It follows from an easy adaptation of [12, Lemma 7.9 ] that if pA, αq has the continuous G-WEP, then for each unital G-C˚-algebra C there exists a ucp map ψ : C Ñ ZpA 2 α q. This applies in particular to C " C ub pGq with translation action. If G is exact, then strong amenability of the translation action of G on C ub pGq implies amenability of pA, αq.
Suppose now that, conversely, A is nuclear and α is amenable. Then A 2 α is injective and so for each G-embedding ϕ : A Ñ B there exists a ccp map ψ : B Ñ A 2 α such that ψ˝ϕ " i A . Our goal is to replace ψ by a G-equivariant ccp map with the same property.
For b P B we define an adjointable operator
αis a completely contractive map. Let pξ i q iPI be a net in C c pG, ZpA 2 α q c q Ď L 2 pG, ZpA 2 α q c q with the properties as in item (5) of Proposition 3.12. For each i, define a map
One then checks that the net pT i q consists of ccp maps, and so, by [10, Theorem 1.3.7] and after passing to a subnet if necessary, has a pointwise ultraweak limit, which is also a ccp map T : B Ñ A 2 α . We claim that this limit has the right properties.
First, let us check that if a is an element of A 2 α , then ψpaq " a. Indeed, in this case m a is just the operator of left-multiplication by a, and so we have
for all i. As ξ takes values in ZpA 2 α q, this just equals xξ i | ξ i y A 2 α a, however, which converges ultraweakly to a as i tends to infinity.
It remains to check that T is equivariant. Let then b P B and h P G. Then
Replacing g by hg, this becomes ż
To prove equivariance, it thus suffices to show that
tends ultraweakly to zero. But this follows from the identity
for which the right hand side tends ultraweakly to zero. The expression in line (11) therefore tends ultraweakly to zero using appropriate versions of the Cauchy-Schwarz-type inequalities for inner products on Hilbert modules, see e.g. [24, Proposition 1.1], and states on C˚-algebras, see e.g. [8, II.6.2.6] .
For G-injective algebras pA, αq we even get the following result: Proposition 8.6. Let G be a locally compact group. Then the following are equivalent:
(1) G is exact.
(2) Every G-injective G-C˚algebra pA, αq is strongly amenable.
(3) There exists a strongly amenable G-injective G-C˚-algebra pA, αq.
Proof. By [9, Theorem 5.8] we know that G is exact if and only if the translation action of G on C ub pGq is strongly amenable. Now if pA, αq is G-injective, then it follows from [12, Lemma 4.3] that A is unital. Consider the diagonal action of G on C ub pGq b A and let ι : A ãÑ C ub pGq b A, ιpaq " 1 b a. By G-injectivity of A there exists a ucp G-map ϕ : C ub pGq b A Ñ A such that ϕ˝ιpaq " a for all a P A. The restriction of ϕ to C ub pGq -C ub pGq b 1 A Ď C ub pGq b A then gives a G-ucp map Φ : C ub pGq Ñ A. Since A lies in the multiplicative domain of ϕ, it follows that Φ takes its values in ZpAq. Thus, if pθ i q is a net of compactly supported positive type functions which establishes strong amenability of the translation action on C ub pGq, then pΦ˝θ i q establishes strong amenability of pA, αq, which implies (2).
(2)ñ(3) is trivial, since C ub pGq is G-injective. For (3)ñ(1) let pA, αq be a G-injective strongly amenable G-C˚-algebra. Since A is unital, it follows that α restricts to strongly amenable action of G on the (unital) center ZpAq. But then G is exact by [5, Theorem 7.2] .
Note that for discrete groups we were able to show in [12, Corollary 6.2] that amenability (in any reasonable sense) of an action of G on any unital C˚-algebra A implies exactness of G. We do not know whether a similar result holds true for general locally compact groups. Proposition 8.5 already relates nuclearity to amenability. The next result provides another desired property in this direction. Proposition 8.7. Let pA, αq be an amenable G-C˚-algebra. Then, if A is nuclear (respectively exact), A¸m ax G is nuclear (respectively exact) as well.
More generally, if D is a C˚-algebra that forms a nuclear pair with A in the sense that A b max D " A b min D, then A¸m ax G also forms a nuclear pair with D. In particular the (non-equivariant) WEP and the LLP (local lifting property) are preserved by taking crossed products with amenable actions.
Proof. We first prove the second assertion on nuclear pairs. If α is amenable, then Theorem 6.1 implies that the diagonal actions α b id of G on both A b max D and A b min D, are also amenable. This implies pA¸m ax Gq b max D " pA b max Dq¸m ax G " pA b min Dq¸r ed G " pA¸r ed Gq b min D and since A¸m ax G " A¸r ed G by amenability, this yields the desired conclusion.
The assertions on the WEP and the LLP are special cases: by [10, Corollary 13.2.5] the WEP of a C˚-algebra A is equivalent to the statement that Bpℓ 2 q forms a nuclear pair with A and the LLP is equivalent to the statement that C˚pFq forms a nuclear pair with A, where F denotes a free group on countably infinitely many generators.
So let us finally assume that A is exact and let J ãÑ B ։ C be a short exact sequence of G-C˚-algebras with actions ι, β, and γ, respectively. Since A is exact, taking spatial tensor products with A gives the short exact sequence of G-C˚-
C Ñ 0 and since α is amenable, so are the actions α b ι, α b β, and α b γ. It follows then from Proposition 4.8 that we get a diagram
in which the upper horizontal line is exact. Thus the lower horizontal line is exact as well.
Remark 8.8. If G is discrete and pA, αq is a G-C˚-algebra, Anantharaman-Delaroche shows in [4] that A¸r ed G is nuclear if and only if A is nuclear and α is amenable. An analogous result cannot be true for actions of general locally compact groups, since by a famous result of Connes [13, Corollary 6.9 (c)] we know that the reduced group algebra Cr ed pGq " C¸r ed G of any second countable connected locally compact group is nuclear; however, the trivial action of G on C is amenable if and only if G is amenable. Note that there are many connected locally compact groups (e.g. SLp2, Rq) that are not amenable.
One may ask what happens to our Theorem 5.5 if G is no longer exact. The following result may be viewed as a partial answer to this question. It indicates that the reduced crossed product should be replaced by the injective crossed product, while amenability is replaced by the continuous G-WEP. Proof. The forward direction was already proved in Proposition 8.4. For the converse let π : A 2 α Ñ BpHq be the Haagerup standard form of the von Neumann G-algebra M " A 2 α . Since A is commutative, so is M ; in particular M is injective and it follows from [11, Proposition 2.2] that B :" C ub pG, M q is a commutative G-injective G-algebra with respect to the left translation G-action on G and the trivial G-action on M . Consider the canonical G-embedding ι : A ãÑ B that sends a P A to the function ιpaqpgq :" i A pα g´1 paqq, where i A : A ãÑ A 2 α is the canonical embedding. Let pπ, uq be a standard-form representation of pA 2 α , G, α 2 q on a Hilbert space H as in Theorem 5.1. Since pπ˝i A , uq is a nondegenerate covariant representation of pA, G, αq and since A¸m ax G " A¸i nj G, it follows from Corollary 4.4 that pπ˝i A , uq is G-injective. Hence there exists a ccp G-map ϕ : B Ñ BpHq with ϕ˝ι " π˝i A . Since B is commutative, it follows that
because πpA 2 α q is a masa in BpHq. We may therefore view ϕ as a ccp G-map B Ñ A 2 α splitting the inclusion A ãÑ B in the sense that ϕ˝ι " i A . Since B is G-injective, this implies that A has the continuous G-WEP.
Some questions
In what follows we list some natural questions which arise from this work. The first one is concerned with our definition of an amenable action in terms of approximation of the unit 1 A 2 α by compactly supported functions of positive type as in Definition 3.4. By Corollary 3.16 our notion is equivalent to von Neumann amenability in the sense of Definition 3.1 if G is exact, and, by the results of Anantharaman-Delaroche [4] , they are also equivalent if G is discrete. Hence it is natural to ask Question 9.1. Does the equivalence between amenability and von Neumann amenability hold for all locally compact groups G?
Is there any other condition in terms of approximation of 1 A 2 α by functions of positive type with values in A 2 α (similar to conditions (5)- (7) in Proposition 3.12) which are equivalent to von Neumann amenability and which are strong enough to imply nice properties for the crossed products like the the weak containment property (WC)?
Related to Question 9.1 one could also ask whether von Neumann amenability itself suffices to prove nice properties for the crossed product. In particular, one could ask Question 9.2. Does von Neumann amenability for an action pA, αq always imply the weak containment property (WC)?
A different version of amenability for an action is given, even in the more general context of Fell bundles, by the approximation property as introduced by Exel and Ng in [20] . We already observed in Remark 3.15 that the Exel-Ng approximation property always implies von Neumann amenability and hence amenability if G is exact or discrete. Thus we may ask Question 9.3. For which classes of groups G and/or G-C˚-algebras pA, αq does amenability imply the Exel-Ng approximation property?
Indeed, if A is unital, then it is easily checked that strong amenability (SA) of pA, αq always implies the Exel-Ng approximation property. In particular, if G is discrete and A " CpXq, then by the results of Anantharaman-Delaroche in [4, Théorème 4.9] amenability of pCpXq, αq is equivalent to strong amenability of pCpXq, αq, and hence also implies the Exel-Ng approximation property.
Based on the above result of Anantharaman-Delaroche, another natural question is Question 9.4. Does amenability of an action on a commutative C˚-algebra imply strong amenability? And related to this: if X is a second countable G-space, does measurewise amenability of G ñ X as discussed in Section 5 imply amenability of the commutative G-C˚-algebra C 0 pXq?
It follows from the above discussion and [6, Example 3.3.10] that the answer is 'yes' to both questions if the group is discrete, or for smooth actions of Lie groups on manifolds with appropriate transversals. So all these notions of amenability agree in these situations. For actions on noncommutative C˚-algebras (even of exact discrete groups) amenability does not always imply strong amenability by results of Suzuki [33] .
The next question is about the connection between amenability and commutant amenability (CA). We proved in Section 5 that both notions are equivalent if A is commutative, but we saw in Section 7 that (CA) does not imply amenability for G " PSLp2, Cq or PSLp2, Rq in general. We also observed that the method for producing these counterexamples is very unlikely to work for discrete groups as well. So it would be very interesting, indeed, to find an answer to Question 9.5. Are there classes of groups G or of G-C˚-algebras pA, αq (other than commutative ones), for which commutant amenability (or the weak containment property A¸m ax G -A¸r ed G) implies amenability of pA, αq?
If G is discrete and A is nuclear, then Anantharaman-Delaroche showed in [4, Théorème 4 .5] that nuclearity of A¸r ed G implies amenability of pA, αq. So related to the above question, one might ask Question 9.6. Suppose that pA, αq is a G-C˚-algebra with A nuclear. Is there a class of groups, for which commutant amenability of pA, αq implies nuclearity of A¸r ed G?
By all we know, the answer to the above question could still be positive for all locally compact groups G. We finally ask Question 9.7. Is there a class of groups strictly larger than the class of discrete groups, such that for all G in this class the following statement is true: if pA, αq is a G-C˚-algebra such that A and A¸r ed G are nuclear, then pA, αq is amenable?
Note that the above statement cannot hold for all (even exact) locally compact groups: indeed, one can find counterexamples even for A " C by taking G to be any non-amenable group with nuclear reduced C˚-algebra, such as G " SLp2, Rq. But a possible class of groups for which this question might have a positive answer could be the class of groups with property (W) as studied by Anantharaman-Delaroche in [5, Section 4] .
Appendix A. The continuous part of the dual Let pA, αq be a G-C˚-algebra. In this appendix, we give a natural characterization of the predual of A 2 α of Section 2. Let G be a locally compact group, and let pA, αq be a G-C˚-algebra. Denote by α˚the canonically induced action on the dual A˚. Note that for each φ P A˚, the function (12) G Ñ A˚, g Þ Ñ αg pφq is weak-˚continuous, but not norm continuous in general. We will say that an element φ of A˚is G-continuous if the function in line (12) is norm continuous; we write A˚, c for the collection of all G-continuous elements in A˚; it is easily seen to be a norm-closed subspace. As an example, say A " C 0 pGq. Then A˚is the space of finite Radon measures on G, but one can show that A˚, c identifies with L 1 pGq; the latter is strictly smaller if G is not discrete. Let now A 2 α be the G-von Neumann algebra introduced in line (2.1). Let X be the predual of A 2 α , which we identify with the set of linear functionals φ P A˚which vanish on the kernel of the canonical surjection π : A˚˚Ñ A 2 α . We aim to prove the following result.
Theorem A.1. With notation as above, X " A˚, c .
The proof proceeds via some lemmas.
Lemma A.2. Let φ P A˚be a G-continuous state. Then there is a covariant pair pσ, uq for pA, αq on some Hilbert space H and a net of vectors pv i q in the unit ball of H such that the corresponding positive linear functionals φ i : A Ñ C, a Þ Ñ xv i , σpaqv i y converge to φ in the weak topology that A˚inherits from A˚˚.
Two quick comments on the proof. First, for our main application it is crucial that pφ i q converges to φ weakly, and not just weak-˚. Second, it is clear from the proof that if A is unital, one can even find a net pφ i q as above that converges to φ in norm; we are not sure if this is true in general.
Proof. Define a form on C c pG, Aq by the formula xξ, ηy :" ż G pαg φqpξpgq˚ηpgqqdg.
Using that each αg φ is a state, direct checks show that this form is positive semidefinite. Let H be the Hilbert space defined as the associated separated completion, and write rξs for the element in H defined by some ξ P C c pG, Aq.
For ξ P C c pG, Aq and a P A, define σpaqξ P C c pG, Aq by pσpaqξqpgq :" aξpgq. shows that σpaq descends to a well-defined and bounded operator on H, and direct algebraic checks show that the resulting map σ : A Ñ BpHq is a˚-homomorphism. For g P G, we also define u g : C c pG, Aq Ñ C c pG, Aq by the formula pu g ξqphq :" α g pξpg´1hqq.
We see that
The change of variables k " g´1h shows that this equals xξ, ξy, and so each u g descends to a well-defined unitary operator on H. Direct algebraic checks show that the collection pu g q gPG gives an algebraic representation of G. Moreover, the formula xu g ξ´ξ, ηy "
combined with G-continuity of φ and a compactness argument show that u is weakly, whence also strongly, continuous. Finally for this construction, note that more direct algebraic checks show that the pair pσ, uq defines a covariant representation of pA, αq. Let now ph j q be an approximate unit for L 1 pGq consisting of pointwise-positive functions in C c pGq with integral one, and such that for any neighbourhood U of the identity in G, h j is eventually supported in U . Let pe k q be an approximate unit for A consisting of positive contractions. Define now ξ jk P C c pG, Aq by the formula ξ jk pgq :" h j pgq 1{2 e k .
We claim that the net prξ jk sq has the properties required by the lemma. Indeed, note first that xξ jk , ξ jk y " ż G φph j pgqα g´1pe 2 kdg ď ż G h j pgqdg " 1 for all j, k, so each rξ jk s is in the unit ball of H. Let σ˚˚: A˚˚Ñ BpHq be the canonical extension of σ to A˚˚. To establish the weak convergence statement, and therefore complete the proof of the lemma, we need to show that for any a P A˚ẘ e have that xξ jk , σ˚˚paqξ jk y Ñ φpaq as j, k Ñ 8.
Fix then a P A˚˚. We have that xξ jk , σ˚˚paqξ jk y " ż G pαg φqph j pgq 1{2 e k ae k h 1{2 j pgqqdg " ż G h j pgqpαg φqpe k ae k qdg.
On the other hand, using that ş G h j pgqdg " 1, we see that
Hence for any j, k,
xξ jk , σ˚˚paqξ jk y´φpaq " ż G h j pgqpαg φ´φqpe k ae k qdg`ż G h j pgqφpe k ae k´a qdg.
We will look at each of the two terms separately. For the first term, we have thaťˇˇż Using the assumptions that the support of h j shrinks down to the identity in G and that φ is G-continuous, we see that lim j sup lPsuppphj q }αl φ´φ} A˚" 0, which deals with the first term on the right hand side of line (13) . For the second term on the right hand side of line (13), we have ż G h j pgqφpe k ae k´a qdg " φpe k ae k´a q ż G h j pgqdg " φpe k ae k´a q for all j, k. As pe k q is an approximate unit for A, it converges weak-˚to the identity in A˚˚, so this also converges to zero and the result follows.
Corollary A.3. Let φ P A˚be a G-continuous state. Then φ factors through the canonical quotient map π : A˚˚Ñ A 2 α . Proof. Let pσ, uq, H and pφ i q be as in Lemma A.2. Let σ˚˚: A˚˚Ñ BpHq be the canonical extension of σ. Then σ˚˚factors through A 2 α by definition. Hence every state φ i (considered as a state on A˚˚) also factors through A 2 α . As pφ i q converges weakly 2 to φ, we also see that φ factors through A 2 α , and are done.
The following lemma is well-known (see for example [3, page 253] ). As we could not find a proof in the literature (the reference given above points to a proposition in another paper that does not seem to exist) we provide one here.
Lemma A.4. Let pM, σq be a G-von Neumann algebra. Then the canonical action of G on the predual M˚of M is norm continuous.
In other words, κ : L 1 pHq Ñ M˚is equivariant for the canonical action σ˚on M˚, and for the action on L 1 pHq induced by conjugation. Hence for any g P G, }σg φ´φ} M˚" }κpug xu g´x q} M˚ď }ug xu g´x } L 1 pHq .
The map
G Ñ L 1 pHq, g Þ Ñ ug xu g is norm-continuous however (as the action of G on H is strongly continuous), so we are done.
We need one more lemma. For the statement, note that C c pGq acts on A and A˚via the formulas (14) h˚a :" ż G hpgqα g paqdg and h˚φ :" ż G hpgqαg pφqdg (the former integral converges in the norm topology, and the latter in the weak-t opology). Moreover, for any a P A and φ P A˚, one has the formula ph˚φqpaq "
where ∆ : G Ñ p0, 8q is the modular function of G. Hence for any a P A, φ P Aå nd h P C c pGq, if we defineȟ :" hpg´1q∆pg´1q, we get the formula (15) ph˚φqpaq " φpȟ˚aq.
Lemma A.5. The action of C c pGq on A˚defined above has the following properties.
(i) If h P C c pGq and φ P A˚, then }h˚φ} A˚ď }h} L 1 pGq }φ} A˚.
(ii) If h P C c pGq is pointwise positive and satisfies ş G hpgqdg " 1, and if φ P Ai s a state, then h˚φ is a state. (iii) For any h P C c pGq and any φ P A˚, h˚φ is continuous.
Proof. For (i), first note that for a P A, }ȟ˚a} "
This implies that the norm of the linear operator
Cȟ : A Ñ A, a Þ Ñȟ˚a is at most }h} 1 L pGq. The formula in line (15) implies that the the linear operator A˚Ñ A˚, φ Þ Ñ h˚φ on A˚is the dual of C h , so the result follows. For (ii), let φ be a state on A˚. If a P A is positive, we have that ph˚φqpaq " ż G hpgqpαg φqpaqdg " ż G hpgqφpα´1 g paqqdg.
For each g P G, hpgqφpα´1 g paqq ě 0, whence ph˚φqpaq is positive, and so h˚φ is a positive linear functional. Choose now an approximate unit pe i q in A which is asymptotically invariant in the sense that for any ǫ ą 0 and compact subset K of G, }α g pe i q´e i } ă ǫ for all g P K, and all suitably large i (such an approximate unit always exists). Then using that ş G hpgqdg " 1, we have ph˚φqpe i q´φpe i q " ż G hpgqφpα´1 g pe i q´e i qdg.
As h is compactly supported, the integral converges to zero as i Ñ 8 by the assumption on pe i q. However, φpe i q converges to 1 as i tends to infinity as φ is a state. Hence ph˚φqpe i q also converges to 1 as i Ñ 8, and thus h˚φ is also a state. For (iii), fix k P G, and consider where the last inequality uses part (i). This converges to zero as k tends to the identity in G, which implies the desired statement.
Proof of Theorem A.1. Lemma A.4 implies that X Ď A˚, c . On the other hand, Corollary A.3 says that any state in A˚, c is contained in X. Let now φ be an arbitrary element of A˚, c ; to complete the proof, we have to show that φ is an element of X. We may write φ "
where each φ i is a state in A˚(but a priori, not in A˚, c ) and each λ i is in C. Let ph j q be an approximate unit for L 1 pGq consisting of elements of C c pGq that are pointwise positive, and have integral one. Then for any fixed j, h j˚φ "
Each h j˚φi is a G-continuous state by Lemma A.5, whence is in X by Corollary A.3. Hence h j˚φ is in X for each j. On the other hand, as φ is G-continuous, ph j˚φ q converges to φ in norm. As X is norm-closed, we are done.
As a sample application, we give a simple corollary.
Corollary A.6. The assignment A Þ Ñ A 2 α takes equivariant ccp maps to equivariant and normal ccp maps in a functorial way.
Proof. Let φ : A Ñ B be an equivariant ccp map. Taking the dual and restricting to B˚, c gives an equivariant contraction B˚, c Ñ A˚. However, this map clearly takes image in A˚, c , so we in fact get an equivariant map φ˚: B˚, c Ñ A˚, c . Taking the dual again gives an ultraweakly continuous equivariant map φ˚˚: A 2 α Ñ B 2 β . This extended map is ccp as its restriction to A is ccp, and as A is ultraweakly dense. Functoriality follows from routine checks.
